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CHAPTER I 
INTRODUCTION 
With the growing demand for greater mathematical competence and the current 
emphasis on revision of mathematics programs in the schools it is becoming in-
creasingly important to learn more about the psychological bases of mathematical 
thought and the principles that govern the learning of mathematics. 
Mathematical thinking does not appear to be essentially different from any 
other kind of thinking but it does have a characteristic quality of its own. As 
Rosenbauml points out, research on the foundations of mathematics has shown that 
all branches of mathematics can be reduced to purely abstract terms, with common 
properties. Algebra and geometry are both concerned with sets--algebra with sets 
of numbers, geometry with sets of points--and it is possible to deal with either 
in the same manner, using the same operations. It is not unreasonable, there-
~ore, to expect to arrive at some basic parameters by means of the factorial 
techniques. According to Hadamard, "There is every reason to think that the 
~thematical faculty must be at least as complex as has been found for the fac-
ulty of language. tl2 
lEe P. Rosenbaum, "The Teaching of Elementary Mathematics," Scientific 
American (M~ 1958), 64-73. 
2Jacques Hadamard, The Psychology of Invention in the Mathematical Field 
(New York, 1945), p. 6. --- -- ---
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The purpose of this study is to contribute to the better understanding of 
the psychological nature of the numerical and reasoning factors that seem to en-
ter into mathematical ability. Emphasis will be placed on the identification, 
by means of specially constructed tests, of the processes involved in mathemati-
cal thinking rather than on the identification of skills necessary for success 
in the stud,y of mathematics at various grade levels. 
No attempt is made here to define mathematical ability except to regard 
mathematics itself as a way of thinking--a science of reasoning. 
Survey of Literature 
~athematical Ability ~ General 
One of the earliest studies of mathematical ability was that of Collar.3 
This study was confined to arithmetic. Collar assumed -that arithmetic had a tri-
fold aspect: (1) computation,the meohanical aspect, (2) rules, t~e knowledge as-
pect, and (3) problems, the intelligence aspect. 
I 
He administer6d a seri~s of 
carefully planned tests in computation and what he called the higher arithmeti-
cal operations, namely, problems, rules, and mental arithmetic. Using Spearman's 
tetrad criterion he showed that the arithmetical abilities involved in those 
tests had muoh:in oommon over and above li' the general intellective factor. This 
was taken as evidenoe of an arithmetical group factor. However, when he investi-
gated the question as to whether this specific arithmetical ability might not 
Irall into two 8ubdivi8ions$ a lower one for mere computation, and a higher one 
Iror the problems, rules,and mental arithmetic, he found that after the influence 
3Daniel Collar, itA Statistical Survey of Arithmetical Ability," British 
~ournal 2£ Psychology, XI (October 1920), 135-158. 
.'3 
of ~ had been eliminated, the inter-correlations of the arithmetical abilities 
were traceable to only a single factor. He concluded, therefore, that there was 
only a Single specific mental factor operative in all kinds of arithmetical work 
and that the higher operations were different only in that they seemed to require 
more of !. 
Spearman investigated another phase of the problem. It had been found that 
one ~roup factor seemed to extend throughout geometry and another throughout a-
rithmetic. Would these constitute a special ability for mathematics in general? 
For evidence on that point he re-analyzed a study of Rogers4 and was led to con-
cludes "There appears, then, no real basis for the common opinion which would 
take arithmetic and geometry to furnish one single special ability. Their union 
as 'mathematics' seems, rather, to be merely one of practical convenience. ItS 
A similar conclusion was reached by Fouracre.6 On eliminating the effect 
of , he found only insignificant correlations between arithmetic and geometry, 
and between algebra and geometry. 
In his latest book, Human Ability, published posthumously, Spearman still 
~inta1ns, though somewhat reluctantly, the same view. He writesl "Particularly 
intriguing is the result obtained that, save for mere computation, arithmetical 
ability has nottdng in common save only G. How is this conclusion ever going to 
make its peace with the generally accepted observation that many people of high 
4Agnes Low Rogers, Experimental Tests of Mathematical Ability and Their 
Prognostic Value (New York, 1918). - - -
SCharles Spearman, ~ Abilities of ~ (New York, 1921), p. 232. 
6L• l .... ouracre, "Psychological Tests of Mathematical Ability," Forum of Edu-
~ation, IV (1926), cited by Spearman, Human Ability, p. 142. - -
4 
general intelligence have, nevertheless, low ability for mathematics?,,1 
Oldham investigated the same problem. She proposed to find, by means of a 
statistical analysis, if there was a group factor for the three branches ot 
school mathematics, arithmetic, algebra, and geometry, and how each branch cor-
related with intelligence. She found separate group factors for arithmetic, for 
algebra, and for geometry, but no large group factor for the three branches ta-
ken together, nor for any two of them when taken in pairs. The correlations ot 
the three branches with intelligence were low. She observed: "the important fac-
tor dominating the correlations of mathematical abilities with intelligence is 
the extraneous factor of interest. ltB She addsl liThe factor ot interest enters 
very largely into all work in mathematics in schools. 1I9 
A very recent study by Wrigley led, among others, to the following conclu-
sions. 
There is a close connection between mathematical and general ability; 
high intelligence is the most important single factor for success in 
mathematics. 
In addition, there exists a clearly identifiable mathematical group 
factor. The different branohes of mathematics are linked together 
more closely than they would be if a general factor only were in ope-
ration. 
Performance in geometry is connected with spatial ability as measured 
by the spatial factor. 
7C. Spearman and Wynn Jones, Hwnan Abillty (London, 1951), p. 145. 
BHilda Oldham, "A Psyohological Study of Mathematical Ability With Special 
~eference to School Mathematics," British Journal of Educational Psychology, 
~II (November 1931), 280. --
9Ibid., 2Bl. 
Performanoe in arithmetio (espeoia1ly meohanioa1 arithmetio), and to a 
lesser extent performanoe in algebra, is in part, dependent upon nu-
merioa1 ability as measured by a number factor. 10 
B1ackwe111l attempted to compare the faotors involved in the mathematical 
ability of boys and girls in the range 13! to 15 years. She found. (1) a central 
inte11eotive factor of a reasoning nature resembling Spearman's ~ and common to 
~oth girls and boys, (2) a factor involving imagery and manipulation of spatial 
and verbal data also oommon to both sexes, (3) a verba1ity factor for girls and 
a verbal reasoning factor for boys, and (4) a tentatively interpreted factor of 
~recision and exactness for girls. 
Barakat oonduoted a study of mathematical abilities of boys and girls of a 
similar age group--13! to 14!. Test interoorre1ations for the two sexes were 
calculated separate1ybut there were no major differences regarding the interpre-
tation of faotors. The interoorre1ation matrioes were analyzed (1) by the bipo-
lar methods of simple s~~ation and subdivided factors, and (2) by the method of 
group faotors, both "non-overlapping" and rotated. The bipolar analysis sug-
gested four dominant factors whioh Barakat interpreted as follows. 
(1) a general faotor, roughly identifiable with general inte11igenoe 
and oommon to all tests, '(2) a group faotor for mathematical ability 
common only to the tests involving numerioa1 or matheraatioa1 processes, 
(3) a verbal factor, and (4) a visuo-spatial factor. 
Thera was strong evidenoe that the mathematioal factor may itself be 
subdivided into narrower factors of a simpler type, notably a subfac-
tor for meohanica1 arithmetio (010se1y related to memory) and another 
10Jack Wrigley, "The Factorial Nature of Ability in Elementary Mathematics,11 
~itish Journal ~ Educational Psyohology, XXVIII (February 1958), 61-78. 
1lA• M. Blackwell, itA Comparative Investigation Into the Factol'c; involved 
~n Mathematical Ability of Boys and Girls," British Journal of Eduoationa1 
~syoho10gy, X (June 1940), 143-153J (November 1940), 212-222:-
for mathematical work (closely related to the manipulation of schemes 
and relations); and there seemed to be a cross division distinguishing 
geometry (which appeared to possess a high saturation with the spatial 
factor, probably in the form of visual imagery) from problem arithme-
tic and algebra (both of which seemed to depend on facility for deal-
ing with formal variables).12 
6 
The stUdies of Oldham, Blackwell,and Barakat had one shortcoming in common. 
Each used a small number of tests. Oldham did not mention the exact number but 
the implication was that there were onlY a few. Blackwell administered fourteen 
~ut later grouped the geometry and the spatial tests into single tests so that 
only ten variables remained for the analYsis. Barakat used thirteen tests. 
A much more satisfactory study on that count was that of Weissl ) who assem-
bled a battery of thirty tests designed to measure aptitude and achievement in 
~thematics at the pre-college level. A total of thirty-two variables was ana-
~zed. These included grades in algebra and geometry, tests in algebra and geo-
~etry,and reference tests for factors identified in earlier studies and expected 
~o be found in algebra and geometry. Thurstone's multiple group method was used 
~o obtain a factor matrix of ten factors. When the orthogonal axes were rotated 
~o oblique simple structure nine factors were interpreted while the tenth was 
ponsidered a residual. The factors were: (F) a vocabulary factor, (C) number 
~acility, (H) spatial visualization, (A) geometry knowledge, (E) geometry grade, 
~B) skillin algebraic manipulati~n, (0) explicit reasoning, (D) implicit reason-
~, (J) specific reasoning, and (K) the residual factor. 
12M. K. Barakat, "A Factorial Study of Mathematical Ability," British Jour-
~ of Statistical Psychology, IV (November 1951), 156. 
l.3s1eanor S. Weiss, "A Factor Analysis of Mathematical Ability," 
~npublished Doctoral Dissertation. Harvard University, Cambridge, 1955. 
7 
A second-order centroid analrsis of the correlations between the nine pri-
~ factors yielded a strong general factor interpreted as a "schooling factor" 
underlying factors A, B, C, E, F, and 0, all of which could be directly related 
to school tasks. Factors D, H, and J representing abilities that presumably re-
ceive little or no explicit training in school had loadings of -.11, .31, and 
-.36 respectively. 
Kline14 conducted two factor analyses of intermediate algebra. Thirty-eight 
tests were used with two successive classes. Of these tests, eighteen were tests 
of algebra and twenty were tests for reference variables aimed at isolating some 
of the factors found in earlier analyses. Separate tables of intercorrelations 
were computed fer each of the two years and each was factor analyzed by the Thur-
stone complete centroid method. Both analyses supplied twelve factors. Three 
factors from each stuqy were eliminated from the tests for congruence of factors 
in the two studies. at the remaining nine factors only five were considered 
congruent to the two studies. These were, Factor A--Verbal Comprehension, Factor 
B--Deductive Reasoning, Factor C--Algebraic manipulative Skill, Factor D--Number 
Ability, and Factor E--Adaptability to a New Task. Only the first four were in 
evidence in the tests of algebra. 
In a very comprehensive series of factorial and experimental studies Werda-
linlS attempted to clarify the factorial structure of mathematical ability parti-
cularly as related to problem-solving in school mathematics. Thirty-six tests 
were administered to more than 250 boys in the age range from 13+ to 16+. Some 
were later eXCluded and the final sample consisted of 217 boys. The battery 
14William E. Kline, A S~thesiS of Two Factor Analyses of Intermediate Alg-
Educational Testing !erv ce TechnI'cuReport (Pi'inceton;l9$6). 
15Ingvar Werdelin, !h.! Mathematical Ability (Lund, 1958). 
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included verbal, numerioal, and spatial-peroeptual tests. One of the main oon-
cerns in the oonstruction of the mathematical tests was that they measure an a-
bility considered to be of fundamental importance to school mathematics--under-
standing of a rule, translation of verbal statements into algebrai~ symbolism, 
etc. Eaoh test covered a speoifio aspeot of the subjeot matter of arithmetio, 
algebra, or geametr,y. The problems were similar to those used in school exami-
nations. Six oentroid faotors were extracted. TIle rotations were performed ~ 
means of Thurstone's method of extended veotors. Five factors were interpreted. 
N, the numerical factor, V, the verbal factor, S, the visual factor, D, a deduc-
tive factor, and ft, a general mathematical reasoning factor. A second-order ge-
neral factor was olosely related to the first-order factors D and R. 
The Number Factor 
........ 
In discussing the factors isolated in his olassic studies of intelligence 
Thurstone explained that the number factor can be expected in any test in which 
simple arithmetical work is done. "The best tests for the number factor are the 
simple numerical tasks. 1I16 He cautioned against expecting the number factor in 
a test simply because it contains numbers. For example, he thought that it pro-
bably would not show up in a cancellation test where the subject is required to 
cancel out certain numbers, such as all the three's or five's on a given page. 
But if he is required to check every number that is larger than or smaller than 
the adjacent numbers, then the factor may be expected. He pointed out that the 
psychological nature of the number factor was not so clear as that of the other 
l6L• L. Thurstone and T. G. Thurstone, Factorial Studies ~ Intelligenoe 
(Chicago, 1941), p. S. 
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primaries and that perhaps "number" as such was not an adequate description. He 
suggested that the factor N "may be more basic and general than number,,17 and 
that number tests were merely good examples of it. 
Coombs undertook an investigation of the number factor mainly under the by-
pothesis that the number factor represents the agility with which an individual 
can manipulate a symbolic system according to a specified set of rules with two 
restrictions: that the symbolic system be familiar and that the set of rules be 
highly practiced.18 A secondary purpose of his investigation was to obtain a 
clearer identification of the perceptual speed factor and to determine its re-
lation to number ability. A battery of thirty-four tests was analyzed by Thur-
stone's centroid method. The results led to the following conclusions, 
1. The number factor is most clearly identified by very simple number 
tests. 
2. The perceptual speed factor is most clearly identified by cancel-
lation tests, and the more scanning that is involved and the less 
cancelling the better the test is a measure of perceptual speed. 
3. A test involving manipulation of a symbolic system is a better 
measure of number ability the more familiar the system. 
4. A test involving operations according to a set of rules becomes a 
better measure of number ability with practice. 
5. The data are in disagreement with the hypothesis that number abi-
lity is in the nature of a serial response. 
6. The results are in agreement with the hypothesis that number abi-
lity is characterized by a facility in manipulating a symbolic sys-
tem according to a specified set of rules.19 
l1L. L. Thurstone, Primary Mental Abilities (Chicago, 1938), p. 83. 
18Clyde H. Coombs, itA Factorial Study of Number Ability," Psychometrika, 
VI (June 1941), 161-189. 
19Ibid., p. 188. 
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The non-numerical teats, especially devised to test the various hypotheses 
about the number factor, had vanishing loadings on the number factor. The above 
interpretation of the results was based ohiefly on the analysis of test inter-
correlations and the correlations of the tests with the number primary. 
Werdelin proposed a new theory of the numerical factor. Supporting the view 
of Thurstone, that the number factor maybe more general and broader than number, 
he writesl "It seems ••• as if it were illogical to presume a speoial ability for 
a cultural produot like number; it seems more reasonable to assume that number 
is only an example of tasks that might be covered by the ability.n20 He agrees 
with Coombs that the numerioal factor represents an agility in handling well-es-
tablished assooiations but differs on the restrictions. tI ••• the ability is char-
acterized by the facility with which a person is handling a well-practiced (but 
not necessarily familiar) symbolic system acoording to a set of well-practiced 
rules, with one restriction. the process that has been practiced must originally 
involve some form of reasoning. The more diffioult and oomprehensive the rules, 
the more practioe is needed before the tests will have a numerioal loading. tl21 
Werdelin's functional interpretation of the numerical factor is "the hypo-
thesis that the ability behind the faotor is characterized by the ability to au-
tamatize, by means of learning, the application of rules and principles, accord-
ing to which tasks are solved whioh were originally solved by means of reason-
~ng.,,22 From this definition four sub-hypotheses were deduced: 
2Owerdelin, p. 175. 
21Ib1d., 175. 
22~., 177. 
1. A test involving processes, which have been reported to be auto-
matizable, must show successively higher correlations with the nu-
merical tests the more the process is practiced. 
2. A test which involves a process that is more easily automatized 
than the process of another must approach the numerical tests more 
rapidly than the other. 
3. A test, which involves a process that is not successively more au-
tomatized by means of practice must not show successively higher 
correlations with the numerical tasks. 
4. A test which involves a process, which has first been automatized, 
but the automatization of which has been broken, must then show 
low correlations with the numerical tests. 23 
11 
A battery of sixteen tests was prepared to verify these hypotheses experi-
mentally. From a correlational analysis it was found that the results for a num-
ber of the tests supported the theories. An introspective study of the automati-
zation of reasoning, made by means of a questionnaire regarding the degrees of 
automatization of both numerical and non-numerical tasks in the tests, also con-
firmed the hypothesis. A subsequent faotorial analysis of a larger battery of 
thirty-seven tests24 gave results which were again interpreted favorably. 
Mathematical ability should not be confused with a talent for numerical cal-
culation. Known cases or so-called "lightning calculators" and similar arithme-
tical prodigies indicates that a high level of numerioal aptitude may ocour in 
individuals of average or even inferior intelligence. Often the calculation 
seems to be elaborated unconsciously, without willful effort. Hadamard says that 
"Such a talent is, in reality, distinct from mathematical ability. Very few 
known mathematioians are said to have possessed it: one knows the case of Gauss 
23Ibid., 280. 
-
24This larger battery included the sixteen tests used in the correlational 
analysis. 
and Ampere and also in the seventeenth century, Wallis. Poinoare confesses that 
he is a rather poor numerioal calculator, and so am 1.,,25 The late John von 
Neumann used to astound other w~thematicians with the speed with which he solved 
long and complicated problems in his head. 
Reasoning 
Several reasoning factors have been identified. Thurstone's Primary Mental 
Abilities study brought out an induction, a deduction, and a restrictive reason-
ing factor. 26 The induotive factor was characterized by tests such as Number 
Series where it was necessary to find a rule or principle for each item of the 
tests. The deductive factor was not very clear but the tests with significant 
loadings on it seemed to require the subject to find a rule and then to apply it 
to the given examples. The common characteristic of tests on the third reason-
ing factor was the solution of a task that required some form of restriction. 
The test with the highest loading on this factor was Arithmetical Reasoning. 
The Army Air Forces Aviation (AAF) Psychology Program Report No. ,27 des-
cribes several analyses that resulted in tentative interpretations of three rea-
soning factors designated Bimplyas Reasoning I - a general reasoning factor best 
identified by arithmetic-reasoning tests, Reasoning II - possibly an inductive 
reasoning factor, and Reasoning III - a classification factor. 
25Hadamard, p. 58. 
26rhurstone, ~ Mental Abilities, pp. 86-88. 
21J. P. Guilford (ed) Printed Classification res~ Army Air Forces Aviation 
Psychology Research Program Reports, Report No. 5 Washington, 1941). 
13 
Thurstone's restrictive reasoning factor and the AAF general reasoning fac-
tor seemed to have much in common. Mathematical tests had high loading on both 
factors. Tests of arithmetical reasoning, word-problem type tests, were charac-
teristic of both factors. Zimmerman28 conceived the idea that if Thurstone's 
rotational process were continued a bit further the resulting reallocation of 
variance would yield factors that could be more closely identified with the AAF 
reasoning factors. Accordingly, he planned and performed further rotations of 
the Thurstone centroid axes with the expeoted results. The verbal tests that 
previously had high loadings on the restriotive reasoning factor now transferred 
large portions of their variance to the verbal factor while the mathematical 
tests made striking gains pioking up variance from the induction faotor. A clae-
sification faotor was identified with the AAF Reasoning III factor and replaced 
Thurstone's induotion faotor. A new logioal relations faotor developed out ot 
Thurstone's un1nterpreted eleventh rotated faotor. 
In a stuQy of faotors related to intelligenoe Rimoldi29 using mainly per-
formanoe tests, tound seven faotors two of whioh are probably oloselY allied to 
the dynamios of reasoning. 'actor C was described as an ability to overcome 
disturbing foroes in the construction ot a gestalt while factor B was interpre-
ted as perception of relations in spaoe necessar,y for the construction of a 
whole. Both faotors seemed to transcend the test modalities. 
, 
28wayne S. Zimmerman, itA Revised Orthogonal Rotational Solution For 
Thurstone's Original Primary Mental Abilities Test Battery," Psychometrika, 
XVIII (Maroh 1953), 77-93. 
29H. J. A. Rimoldi, "StuQy ot Some Faotors Related to Intelligenoe," 
Psyohometrika, XIII (March 1948), 27-46. 
In another study,)O using a battery of tests considered to be good measures 
of Spearman's ~ and of Thurstone's reasoning factors I, R, and D, Rimoldi found 
confirmation of the two factors mentioned above. Factors A and B isolated in the 
second study were identifiable with the factors C and B, respectively, of the 
previous study. In addition, reasoning factors described as "eduction of rela-
tions" (factor C), "eduction of correlates" (factor E), and "the eduction of 
likeness and ita opposite" (factor D) were isolated. In the second-order factor 
'" referred mainly to the relation of likeness, while factor (3 referred to the 
eduction of relations and the eduction of correlates. The relation of these fac-
tors to the principles of noegenesis)l as described by Spearman was emphasized. 
Reports from the Psychological Laboratory of the University of Southern 
California include several studies in the domain of reasoning. For the purpose 
of further research five factors were proposed. (1) General Reasoning--def"ining 
~roblems, (2) Logical Reasoning--application of logical rules, () Eduction of 
~orrelates-completion of matching relations, (4) Eduction of Conceptual Rela-
tions, and (5) Eduction of Perceptual Relations.)2 The General Reasoning factor 
)Oa. J. A. Rimoldi, "The Central Intellective Factor," Psychometrika, XVI 
(March 1951), 75-101. 
31Aa described by Spearman the principles of noegenes is refer to (1) the 
~pprehension of one'. own experience, (2) the eduction of relations, and () the 
~duction of correlates. The word was coined out of the Greek nous and genesis to 
~e8ignate the creation of knowledge in ita two chief forms. Spearman considered 
~ t a unitary ability. See Abilities 5!!~, Chapter n. 
32J. P. Guilford et al., itA Factor-Analytic Study of Navy Reasoning Tests 
~th Air Force Airorew Classification Battery," Reports from the Psychological 
Laboratory, No.6 (Los Angeles, 1952). - -
was exhaustively investigated.)) It was finally concluded that the factor was 
best defined as an ability to structure problems. Whether the factor is so nar-
row as to include arithmetical problems only, or broad enough to include the 
forming of structures of comprehension apart from problems remains to be deter-
mined by further studies. 
The Adkins and ~erlyJ4 factor analysis of reasoning tests based on tests 
from the AAF batteries failed to confirm the general reasoning factor but did 
identify five reasoning factors. Three of them were thought to be inductive in 
character. Factor A' - Perception of Abstract Similarities, Factor B' - Uypothe-
siS Verification, and Factor H' - Concept Formation. The other two were Factor 
H' - Deduction, and Factor F' - Flexibility of Perceptual Closure. Tests of a 
~thematical nature had Significant loadings on only two of these factors. A 
number series test had a loading of .27 on Factor B'. An arithmetic test, a word-
!probl_ test 1n which the subjeot merely indicated the process to be used but did 
not solve the problem, had a loading of .29 on the Factor M'. 
Two reasoning factors were identified jn Werdelin' s analyses ot mathematical 
ability_ The Deductive Factor D, found in all four studies, was characterized 
by tests of quantitative reasoning (syllogisms), number series and number analo-
~ies. Faotor R, The General Mathematical Reasoning Factor was found in three of 
~he studies. The faotor was defined b,y mathematical tests but it was not con-
~idered a pure mathematical factor because the tests involved elements from many 
))J. P. Guilford, N.W. Kettner, and P. R. Christensen, itA Factor-AnalYtic 
nvestigation of the Factor Called General Reasoning. 1t Reports from the Psycho-
ogical Laboratoq, No. 14 (Los Angeles, 1955). - -
34Dorothy C. Adkins and Samuel B. ~erly, Factor Analysis .2! Reasoni:gg 
rests (Chapel Hill, 1952). 
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~ouroes. verbal, visual, numerioal. The author desoribed it as "the ability to 
oombine the different elements, to group diffioult problems, and to solve them 
Iby means of a prooess of reasoning."j5 This definition makes it highly probable 
that it is related to the General Reasoning factor identified in the AAF studies 
and sometimes referred to as a "trouble-shooting" ability. 
Summing up the experimental evidence we may say. 
(1) Past research has succeeded mainly in identifying the broad, general 
factors--visual, spatial, verbal, reasoning-that seem to enter into mathematioal 
ability. There is a need to probe deeper to find basic underlying parameters. 
(2) There is some agreement as to the role of the verbal, spatial, and vi-
sual faotors. They appear to be complementary to mathematical aotivity and their 
relative importance is determined by the context of the tests. 
() The nature of the number factor has not been clearly defined as yet. 
(4) In studies rio mathematical ability either a general reasoning factor or 
something closely related to it has generally been found in addition to variously 
defined induotive and deduotive reasoning factors. 
reasoning has not been olearly defined. 
The nature of mathematical 
(5) Mathematical tests used in the studies of mathematical ability have 
been almost exclusively in the nature of aohievement tests measuring soholastio 
skills particularly routine mastery of computational skills. 
)5Werdelin, p. 228. 
CHAPTER II 
THE PRELIMINARY STUDY 
Even before a systematic reviewotpertinent bibliography had been completed 
a preliminary analysis was planned in order to crystallize the problem and to 
help formulate the hypotheses to be advanced in the main study. This preliminary 
study was a factorial analysis of a sub-battery of fourteen of the fifty-seven 
psychological tests that were used by Thurstone. l 
The tests selected were chosen either because they involved mathematical 
content or because they were tests of known factorial content and would help to 
identify the factors that would be extracted. A list of the tests is given in 
Table 1.2 Description of the tests together with sample items from eaoh may be 
found in Thurstone's monograph. 
A correlation matrix was set up using the published inter-test correlations 
of Thurstone. From this matrix of coefficients, given in Table II, eight factors 
were extracted by Thurstone's complete centroid method. After two successive 
factorizations the communalities were considered stable. The centroid factor 
matrix given in Table III, was rotated graphically into simple structure. Radial 
rotations and adjustments by the single plane method were used. 
lThurstone, Prima;r Mental Abilities. 
2APpendix I, p. 62. 
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The resulting 
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oblique factor matrix is given in Table IV, and the final transformation matrix 
in Table V. The cosines of the angles between the reference vectors are given 
in Table VI and the correlations between the primaries in Table VII. 
The Factors 
In listing tests with significant factor loadings values of .20 and higher 
are included though the interpretation is based mainly on tests whose loadings 
are .30 or higher. 
Factor! 
Test Loadi!!S 
3 Pursuit .60 
4 Areas .46 
12 Patterns Analogies .42 
14 Hands .31 
1 Figure Classification .23 
All these tests are of a visual, spatial character. This factor is, there-
fore, identified with the Thurstone S, or space factor. 
factor .!! 
!!!! Loadi!!S 
6 Multiplication 
.59 
9 Numerical Judgment .50 
7 Tabular Completion .43 
10 Arithmetical Reasoning 
.43 
5 Number Code .36 
8 Number Series 
.33 
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Sinoe the test with the highest loading is Multiplioation, this faotor is 
identified with Thurstone's N, or number faotor. 
The oluster of tests on faotor B inoluded all the tests that require 
oaloulation at all and no others. All those tests with the exoeption of Multi-
plioation have signifioant loadings on reasoning faotors as well. 
Faotor C 
-
Test Loadins 
8 Number Series .51 
1 Figure Classification .38 
10 Arithmetical Reasoning .24 
7 Tabular Completion .21 
This factor does not oorrespond directly to any of the Thurstone faotors. 
It appears to be a reasoning ability, partioularly that of educing relations. 
Factor D 
Test 
........... 
12 Pattern A~slogies 
4 Areas 
9 Numerical Judgment 
10 Arithmetioal Reasoning 
Loading 
.48 
.43 
.43 
.38 
This faotor is interpreted as the ability to educe correlates. Factors C 
and D taken together 8eem to aocount for Thurstone's I, inductive reasoning, but 
here they appear to be quite distinot with only test (10) Arithmetical Reasoning 
ppearing on both. The correlation between the factors C and D is quite high 
(.79). 
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Factor ! 
Test Loading 
-
2 Identical Forms .50 
11 Code Words .42 
13 Syllogisms .35 
12 Pattern Analogies .27 
Factor E is difficult to interpret but it appears closest to Thurstone's 
factor P, perception. 
Factor ! 
Test 
-
5 Number Code 
14 Hands 
11 Code Words 
10 Arithmetical Reasoning 
Factor F may represent abstraction. 
factor n, which was not interpreted by him. 
Factor G 
--;;;...;..;--
Test 
-
13 Syllogisms 
7 Tabular Completion 
4 Areas 
Factor G is difficult to interpret. 
some kind, perhaps of a deductive nature. 
Load1n& 
.53 
.42 
.35 
.25 
It is sanewhat similar to Thurstonell 
Loading 
.38 
.36 
.36 
It seams to be a reasoning factor or 
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Factor .!! 
Test 
-
Loading 
11 Code Words .29 
13 Syllogisms .20 
Factor H is a residual factor. 
Conclusions 
Mathematical activity as shown in the tests of this small battery appears 
to be a complex combination of several distinct mental processes. The mathema-
tical tests were found on five of the factors--number, abstraction, and three 
factors of a reasoning nature. 
Hypotheses !2!. !!!!. Main Stuciz 
An integration of the implications drawn from the findings of previous re-
search, including the preliminary study. and tran the writingsct mathematicians, 
~sychologists, and educators has led to the development of the following hypo-
theses, 
1. Mathematical ability involves essentially. 
a) Ability or abilities to see or discover relations, realize 
their implications, and make inferences from them. 
b) Ability to educe correlates, to extraot fran given data facts 
not explicitly stated. 
c) A fluency in the manipulation ot certain symbolS; an ebility 
to handle abstract qualities without concrete aids. 
d) Ability to analyze a situation, distinguish relevant from ir-
relevant data, and organize a sequence of steps leading to a 
solution. This ability may be considered a function of the 
abilities assumed in ~ ~ and ~ above. 
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2. The number factor commonly associated with mathematical ability is not 
limited to purely computational aspects. Computational facility may or 
may not be an important element in mathematical ability. 
3. Other factors enter into mathematical ability in varying degrees depend-
ing upon the context of the problem or the nature of the task. 
4. An aesthetic sense of symmetry, order, and harmony is characteristic ot 
many phases ot mathematical activity. 
,. To get at the basic, underlying factors that determine the dynamics of 
mathematical thinking the tests used in the stuQy ought to be of such 
a nature as to depend little, it at all, on formal training in the par-
ticular subject branches but rather require the use of natural intuition 
and innate abilities of a fundamental kind. 
It is particularly in connection with the last point that the main study was 
planned. The study does not intend to cover all the branohes of mathematics, nor 
any branch in particular, but we have used tests built on some ideas that are at 
the basis of' mathematical thinking, suoh as, lim! ts, functions, equality, inequa-
lities, rearrangement ot c<»:lcepts, etc., rather than on what schools call 
mathematics. 
General Description ~ ~ Variables 
A battery of thirty-six tests was assembled. Ten of the tests were stand-
ardized tests. All the other tests were constructed by the writer. Of these, 
twelve were patterned after tests used byother investigators in previous studies, 
and fourteen were original, new tests developed especially for this study. 
The tests are described in Appendix II. Each test is illustrated by one or 
more sample items. Tests 1, 19, 20, 21, and 22 were reference tests for the 
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number factor. Tests 2, 8, 10, 11, 12, 17, and 18 were reference tests for rea-
soning factors. Tests 4 and 5 were reference tests for the verbal factors and 
test 3 for the spaoe faotor. Tests 6 and 7 were inoluded as external criteria 
of mathematical ability. The eighteen experimental tests that completed the 
battery were designed to explore hypotheses about the nature of mathematical 
ability. A list of the variables is given below. 
~ .£! ... V.-ar;;.;i ... a;.;b_l_e;;.s 
Standardized Tests 
1 PM! Number 
2 PMA Reasoning 
3 PMA Space 
4 PM! Verbal-Meaning 
5 PM! Word-Fluenoy 
6 California Mathematios Tests (GMT), Reasoning 
7 California Mathematics Tests (GMT), Fundamentals 
8 Holzinger-Growder Uni-Factor Tests, Mixed Series 
9 Holzinger~rowder Uni-Factor Tests, Figure Changes 
10 Holzinger-Growder Uni-Factor Tests, Teams 
Adapted !!!!!. 
11 Number Series 1 
12 Number Series 2 
13 Statement Translation 
14 Functional RelationShip 
15 Problem Analysis 1 
16 Problem Analysis 2 
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11 Figure Grouping 
18 Figure Matrix 
19 Addition 
20 Subtraction 
21 Multiplication 
22 Division 
New Tests 
-
2.3 Conditions 1 
24 Conditions 2 
25 Fluency with Mathematical Expressions 
26 Quantitative Relationship 
21 Numerical Inequalities 
28 Algebraic Inequalities 
29 General Expressions 
.30 Number Oddities 
.31 Number Relations 
.32 Number Fluency 
.3.3 Formulas and Figures 
.34 Mixed Operations 
.35 MisSing Number 
.36 Missing Sign 
CHAPTER III 
THE MAIN STUDY 
Sample ~ Subjects 
There is some experimental evidence that a significant difference in perfor-
mance on mathematical tests exists for the two sexes.l Boys and girls apparently 
use either different abilities or they use the same abilities differently when 
they do such tests. Practical conSiderations, however, made it necessary to 
confine the present study to girls only. 
The full battery of thirty-six tests was administered to 160 eleventh-grade 
students in a private secondary school for girls. Complete data were obtained 
for 150 and these constituted the experimental group. The average I.Q. as 
measured by the California Test of Mental Maturity was no with a S.D. of 8.7. 
The frequency distribution ot the I.Q.'s tor the group is shown in Table VIII. 
The average grade placement on the California Mathematics Test, Advanced Form AA 
(1950 edition) was 12.9, at the 75th percentile. The 1957 norms applied to the 
raw scores on the 1950 edition by means of conversion tables supplied by the 
California Test Bureau gave a grade placement ot 13.1, at the 80th percentile.2 
lAnne Anastasi and John P. Foley, Differential PSYCh010~ (New York, 1949), 
Pp. 657-660. F. J. Houlihan, "Secondary School BOys' and oIr st Achievement and 
Intelligence," !h! Catholic Educational Review, LI (May 1953), 289-299. 
2The average raw score was 103.3, out of a possible 140, with a S.D. of 
16.52. 
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The age distribution of the group is shown in Table IX. The average age was 16 
years, 5 months. 
The mathematical background for all the subjects was very similar. All had 
had a year of algebra. One hundred twenty-nine (86 per cent) had algebra in the 
ninth grade and plane geometr,y in the tenth. The others had general mathematics 
in the ninth and algebra in the tenth grade. In an informal questionnaire given 
after all the tests had been taken 129, that is, 86 per cent indicated that they 
liked mathematics and had enjoyed taking the tests. Even those who said that 
they did not like mathematics admitted that they had found the tests interesting. 
Testing Procedures 
For the standardized tests,the students used the self-scoring answer sheets 
provided by the publishers. The other twenty-six tests were so prepared that 
the answers could be written directly on the test sheet with a minimum of coding. 
All the tests were hand-scored. 
Time limits as given in the respective manuals for the standardized tests 
were strictly observed. Tentative time limits were set for the remaining tests 
and all twenty-six were administered in preliminary from to two classes of high-
school sophomores and a group of seniors, a total of 100 stUdents. This pre-
trial led to modification and clarification of the test directions, some minor 
changes in the presentation of test items and in the recording of answers, and a 
final determination of time limits. The tests were to be primarily power tests 
and the time limits were generous, allowing almost every student to attempt all 
the items. A list of the tests with time limits, number of items, and scoring 
formulas is given in Table X. 
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The tests were administered by the writer and by seven other members of the 
faculty during regular class periods. Since there was no room large enough to 
accomodate the whole experimental group comfortably, the tests were given in 
class groups of thirty to thirty-five students. To assure uniformity of testing 
procedures, detailed instructions for the administration of each test were pro-
vided. All the testing was completed .vi thin four weeks-the last two weeks f£ 
September and the first two weeks of October, 1958. 
Statistical Procedures 
Table II lists the desoriptive statistios for each teat. The re1iabi1itiea 
are stepped-up, even-odd reliability coefficients. Even-odd reliability coeffi-
cients are underestimates of the reliability of power tests, particularly if the 
tests oontain a small number of items. This seems to be true of the few tests 
with low rel1abilities in this stu4y. Though low reliability does tend to lower 
the factor loadings it presumably does not affect the factor structure.) 
The raw scores were converted to standard scores and then scaled by means of 
graphic interpolation so that each raw score could be expressed as a positive, 
sing1e-digit number. Pearson 'product~oment correlation coefficients were then 
computed with the aid of a desk calculator. The matrix of test intercorre1ations 
is given in Table III. The frequency distribution of the test intercorre1ations 
is shown in Table 1111. The mean of the distribution is 0.)2. The correlations 
are positive with only a few exoeptions. The seven negative correlations are all 
with Test 25, Fluency with Mathematical Expressions. 
3J. P. Guilford, Psychometric Methods (New York, 1954), p. 532. 
CHAPTER IV 
THE FACTORIAL ANALYSIS 
Extraotion of Faotors 
-
The thirty-six variable correlation matrix was factored by the oomplete 
oentroid method by means of a high-speed digital oomputer, the Il11ao. The first 
communality estimates for the tests were computed by Thurstone's centroid formu-
la. Later, at eaoh stage of the factoring the highest entry in the array was 
used as the new oommunality estimate. Twelve oentroid faotors were extraoted. 
The projections of the test vectors on these arbitrary, orthogonal reference 
vectors are given in the centroid faotor matrix in Table XIV. 
Rotation !2 Simple Structure 
Initial rotation of the centroid faotor matrix to an oblique simple struc-
ture was made analytioally by Oblimax, the program by which the Illiao is said 
to rotate automatically to s1m~le structure. Thurstonel advises, however, that 
final aoceptanoe of a simple structure should always depend upon the appearance 
of the graphs constructed by plotting the valumin the oolumns of the rotated 
factor matrix.2 In a recent comparative stu4y of some analytic methods of 
lThurstone, Multiple Factor Analysis (Chicago, 1947), p. 377. 
2The oolumns are plotted against eaoh other two at a time. For r faotors 
there will then be tr(r-l) such plota. In the present twelve-factor solution 
sixty-six plota are made for each rotation. 
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rotation Oocka) used the known "subjective-graphical" solutions of selected 
problems as the standard criterion.4 In five of the seven problems studied, the 
analytic methods gave results that only approximated the subjective-graphical 
standard factors. In each of these cases he concluded that final graphical ad-
justments would have to be made to obtain a good simple structure.5 In gener~ 
analytic procedure s gave satisfactor,y correspondence with the subjective-
graphical standard in cases where the data represented a configuration with ex-
tremely well defined primary axes. Such cases are "optimal" for producing a 
simple structure.6 On data representing les8 optimal conditions <as may happen 
in exploratory studies) the analytic methods were found to be inadequate. In the 
present stud:-, the solution obtained by the analytic method was plotted. As the 
diagrams were examined it became evident that the structure was not compelling 
and that all the criteria for simple structure as given by Thurstone were not 
satisfied. It was necessary to make adjustments graphically. The radial and 
single-plane methods of rotation were used. Twenty additional rotations were 
taken. A complete set of the final plots is presented in Appendix IV. Most of 
the diagrams show a concentration of points at or near the origin and a definite 
grouping of several points along the two axes. 
The projections of the tests on the oblique reference vectors are listed in 
Table XV. The final transformation matrix which relates the initial, arbitrar,y, 
.3E:dward F. GOOD, A Co~arison of Some Analytic Methods of Rotation In 
Factor Analysis (Seattle, r9). - - --
4The standard criterion procedure consists of an element by element compari-
son of an analytically rotated factor matrix with the graphically rotated factor 
~atrix for the same data. 
I)Oocka, Compar.!.~ ,2,{ Analytic Methods, pp. 82-91. 
6Ib1d., pp. 101-108. 
-
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orthogonal solution to the oblique simple structure solution is given in Table 
XVI. The cosines of the oblique reference vectors are given in Table XVII. 
Interpretation £! ~ Factors 
The rotated factor matrix of Table XV is summarized in Table XVIII. All 
loadings less than .20 have been omitted so as to provide a clearer picture of 
the nature of the simple structure. It can readily be seen that several of the 
tests are complex, having signifioant loadings on more than one factor. In an 
exploratory study of this type that may be expected. 
The interpretation of each factor is based primarily on the tests with high 
loadings, that is, .30 or higher, but occasionally tests with lower loadings are 
used to give supplementary evidence. 
Factor ! 
Test Loading 
-
22 Division .43 
19 Addition .38 
.34 Mixed Operations .31 
1 PMA Number .36 
l2 Number Series 2 .35 
20 Subtraction .34 
All the tests on this factor deal with numbers. Division, Add! tion, and 
~ubtraction have been classioally considered as tests loaded in the number fac-
tor. PM! Number is also present here. It seems reasonable to think that this 
faotor represents what has been known 88 the number factor described by Thurstone.1 
1Thurstone, Primary Mental Abilities, p. 82. 
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Mixed Operations and Number Series both involve simple numerical work. In 
MiXed Operations the four fundamental operations are performed:in a heterogeneous 
manner. In Number Series it is necessary to discover the number that "does not 
belong." The calculations involved are mainly simple addition and subtraction. 
It may be noted that Multiplication has no loading on factor A and that all 
the tests on this factor, exoept for Addition, have loadings on other factors as 
well. 
Faotor B 
-
Test Loading 
-
30 Number Oddities .58 
2 PM! ReaSoning .44 
3 FHA Space .39 
18 Figure Matrix .32 
9 Figure Changes .31 
12 Number Series 2 .23 
35 Missing Number .23 
36 Missing Sign .21 
The factor clearly transcends the material of the tests and is not limited 
to one particular type. Number Oddities, Number Series, Missing Number and 
issing Sign deal with numbers. PM! Reasoning uses letters as do same of the 
in Number Oddities. Figure Matrix, Figure Changes, and FHA Space involve 
and figures. 
A study of the mental processes that are involved in doing these tests indi-
oates that they seem to require the ability to handle several more or less oon-
flicting Gestalts either simultaneously or in succession. In Number Oddities it 
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is necessar.y to recognize a pattern within a pattern and as in PM! Reasoning 
discover the principle on which the pattern is built. In PM! Space and in Figure 
Changes the subject must keep in mind a given figure or relation while examining 
several alternates which must be compared with the given figure. A similar 
activity is required in Figure Matrix. 
Factor B might be identified with Thurstone's factor E (Flexibility of Clo-
sure) which he described as an ability that facilitates the retention of a figure 
in a distracting field. 8 Flexibility of Closure factors identified in other 
studies9 were defined by such tests as Figure Classification, Identical Forms, 
Gottschaldt Figures, and similar tests of a perceptual nature. In this study, 
PM! Space, Figure Matrix and. possibly Figure Changes could come under that clas-
sification. All three tests have high loadings on factor B. 
It appears that the FlexibilityotClosure factor can be extended beyond the 
perceptual domain. Pemberton's study was thought to yield strong evidence that 
flexibility of closure is associatad with analytical reasoning. In the present 
study Number Oddities and PMA Reasoning are series type tests where it is neces-
sar.y to manipulate the parts separately and yet maintain a clear picture of the 
whole configuration. Both tests have high loadings on factor B. PM! Reasoning 
is similar to Number Series 1. It may be interesting to note that Number Series 
1 has no significant loading on factor B while Number Series 2 has at least a 
8L• L. Thurstone, "A Factorial Study of Perception," Psychometric Mono-
graphs. No.4, 1944. 
9Dorothy O. Adkins and Samuel B. ~erly, Factor Analysis of Reasoning Test~ 
(Ohapel Hill, 1952). wm. Botzum, "A Factorial StuQy of the Reasoning and 010-
sure Factors," Psychometrika, XVI (Dec. 1951), 361-386. Carol Pemberton, "The 
Plosure Factors Related to Other Cognitive Processes," Psychometrika, XVIII 
(Sept. 1952), 267-288. 
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small loading on the factor. 
Solution of items in Missing Number and ~ftssing Sign appears to be great 
facilitated b.r the ability to see the equation as a whole and move the signs and 
number about mentally until the equality is satisfied. In the easier items not 
much insight is needed. They can readily be solved b.r inspection. The more 
difficult items, however, require a synthetic actiVity combined with analytical 
processes. 
Factor C 
Test Loading 
17 Figure Grouping .)4 
)5 Missing Number .29 
27 Numerical Inequalities .26 
~ Mixed Operations .2) 
24 Conditions 2 -.24 
The interpretation of this factor can only be very tentative because of the 
small number of tests defining it and their low loadings. 
Figure Grouping is a Classification test. The items are easy and probably 
require little more than perception of the cammon property that distinguishes 
three of the figures from a fourth one which is different. 
The nature of the tests Missing Number, Numerioal Inequalities, and Mixed 
Operations suggests an element of flexibility of operation. In each of these 
tests it is necessary to shift from one operation to another and handle almost 
simultaneously addition, subtraction, multiplication, and division. Missing Num-
ber has a small (.2) loading on factor B which was identified with flexibility 
of closure. 
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It is interesting to note that Conditions 2, a difficult reasoning test 0 
an abstract nature, has a negative loading on factor C. 
It is probably best to consider factor C a residual factor. Factor C has 
one of the highest second-order loadings. 
Factor D 
-
Test Loadin~ 
24 Conditions 2 .42 
10 Teams .3$ 
23 Conditions 1 .34 
12 Number Series 2 
.33 
13 Statement Translation .32 
26 Quantitative Relationship 
.31 
2$ Fluency with Math. Expressions .30 
29 General Expressions .28 
16 Problem Analysis 2 .26 
31 Number Relations 
.23 
22 Division 
.23 
6 CMT Reasoning 
.20 
Conditions 1 and Conditions 2 were constructed as abstract, mathematical 
counterparts of Teams, a test of s,yllogistic reasoning. These three tests head 
.. 
the list on factor D. In Teams and in Conditions 1 the relation is stated and 
he subject must judge it true or false under the given premises. In Conditions 
the relations are not given but must be educed by the subject. 
Number Series 2 requires the discovery of the principle on which the series 
s built and finding the number that does not belong. 
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In Statement Translation and in Fluency with Mathematical Expressions it 
was necessary to express in mathematical symbola a relation given in verbal fonn. 
Quantitative Relationship was designed as a test for the relation of like-
ness in a mathematical context. Two members of an expression are given and the 
subject must judge whether the first is equal to, greater than or less than the 
second. 
General Expressions was considered by the students a difficult test. It 
required the generalization of a prinCiple and the eduction of an expression de-
fining the relationship. 
Factor D seems to have same of the properties of formal logic--ordering, 
scaling, organizing. 
In all the tests defining factor D it seems that two things were neoessary 
for the successful oompletion of the taskc the ability to manipulate simulta-
neously a number of relationships and the ability to use symbols, both of which 
suggest that a certain amount of flexibility is an important factor in mathema-
tical reasoning processes. The criterion test GMT Reasoning has a small (.20) 
loading on this factor which c~uld be significant in tenns of the view expressed 
above, particularly if we observe that its companion criterion test OMT funda-
mentals has a loading of .00 on the factor. In OMT Reasoning the various items 
in each of the four parts were very unlike. No fixed "set" could be maintaiml 
in working any of the parts. Each of the four sections in OMT Fundamentals, on 
the other hand, involved one specific type of operation only: addition, sub-
traction, multiplioation, or division. 
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Factor ! 
Test Loading 
27 Numerical Inequalities .36 
12 Number Series .32 
24 Conditions 2 .30 
32 Number Fluency .28 
31 Number Relations .27 
10 Teams .25 
11 Number Series 1 .20 
25 Fluency with Math. Expressions -.43 
In Numerical Inequalities and in Conditions 2 the task is to state the re-
lationship between the members of a given expression. The relation is essential-
ly that of likenesss equal to, greater than, or less than. 
In Number Series 2 it is necessary to discover the number that disturbs the 
sequence--a number that is unlike the others in the row. 
Number Fluency calls for the eduction of numbers all of which must satisf 
a given condition, hence a common relation of likeness. 
If the factor represents the ability tomanipulate quantitative relationships 
then the high negative loading of Fluency with Mathematical Expressions is not 
so strange. This test involves the handling of operational relations and a ver-
satility in translating from verbal to mathematical symbols. 
Another interpretation for the faotor may be that it represents the ability 
to work under limiting, restrictive conditions. It may represent the handicap 
under which much mathematical activity must be perfo~ed--1imitations and re-
strictions imposed by the hypotheses, definitions, and postulates more or less 
arbitrari1 
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Factor F 
-
Test Loading 
-
14 Functional Relationship .48 
6 GMT Reasoning .42 
15 Problem Analysis 1 .42 
7 OMT Fundamentals .40 
28 Algebraic Inequalities .33 
13 Statement Translation .23 
20 Subtraction .22 
26 Quantitative Reasoning .21 
Factor F is clearly dependent on formal training in mathematics. Functional 
Relationship involved interpretation of direct and inverse variation. The cri-
terion tests, GMT Reasoning and CMT Fundamentals were standard achievement tests 
in mathematics. The simple word problems in Problem Analysis 1 were typical of 
test items on current Arithmetic Reasoning tests. Algebraic Inequalities and 
Statement Translation as well as Quantitative Relationship required skills regu-
larly developed in routine classroom work. 
Factors defined by scholastic variables have been isolated in the first or-
der b.Y ComreylO, Holzinger and Swinefordll, and Carroll12, and in the second 
lOA. L. Comrey, itA Factorial Study of Achievement in West Point Oourses,lt 
Educational !E2 Psychological Measurement, IX (Summer 1949), 193-209. 
11K. J. Holzinger and F. Swineford, ! Study !E Factor Analysisl The Stabi-
lity~! Bi-Factor Solution, Supplementary Educational Monographs, N0:-4B, 
12J. B. Carroll, ItThe Factorial Representation of Mental Ability and Acade-
mic Achievement,1t Educational!!!!! Psychological Measurement, III (1943), 
)07-332. 
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order by Weiss. l ) In all these studies, however, tests and grades were used as 
variables. Whenever grades are used as variables extraneous, complex elements 
are introduced. The factors defined by a combination of test and grade variables 
have been described in terms of such personality characteristics as "ambition," 
"will to succeed," llwill to learn." 
The present factor F oannot be identified with those scholastic factors 
~here grades are the chief determining variables. 
Factor 0 
Test 
28 Algebraic Inequalities 
)) Formulas and Figures 
Loading 
.53 
.46 
Factor G is only a doublet and its interpretation is uncertain. It is pro-
bably a factor unique for this study, caused by the nature of the two tests. 
Either the tests were too diffioult, or the tasks too unfamiliar. Atany rate, it 
seems that an element of uncertainty permeated the performance of many subjects 
on these tests. At best, the factor might be described as a ttguessing" factor. 
It is striking that the two tests so characterized should bring out a distinct 
~actor with so much sharpness. 
Factor H 
Test 
4 PM! Verbal~eaning 
)5 Mixed Operations (n) 
)6 Mixed Operations (s) 
IJweiss, An Analysis of Mathematical Ability 
Loading 
.41 
.29 
.28 
39 
34 Mixed Operations 2 .27 
29 General Expressions .27 
3 PMA Spaoe .22 
12 Number Series 2 .21 
Test 4, PMA Verbal-Meaning, is one of the standard reference 
verbal factor. The other tests on Factor H are all non-verbal. Their ver 
content is confined to the instruotions. 
cant loadings of these tests might be explained b.Y the observation that 
subjects found it easier to solve the problems by verbalizing the operations 
were to be performed. The name Verbalization thus seems more appropriate 
the more commonly used Verbal-Meaning or Verbal Factor. 
the verbal factor in the battery was apparently successful. 
sented tests, Statement Translation, Problem Analysis I and II, have loadings 0 
only .03, .10, and .09 respectively on Factor H. 
Factor I 
Test Loading 
-
21 Multiplication .43 
10 Teams .40 
8 Mixed Series .33 
7 GMT Fundamentals .22 
All the tests on this factor deal with numbers except Teams which is a test 
of non-quantitative, syllogistic reasoning. 
Multiplication has traditionally been known as one of the best reference 
tests for the number factor. Mixed Series obviously requires manipulation wi 
numbers. GMT Fundamentals consists of four short achievement tests based 0 
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problems in which the fundamental operations are used with whole numbers, frac-
tions, and deoimals. 
Thus it seems that this factor is possibly another number factor and perhaps 
represents the ability to perform Simple numerical operations where these are not 
presented as mere number manipulation. The high loading of Teams on this factor 
is difficult to interpret. 
Multiplication has an average correlation of .36 with the tests on factor A 
but its loading on factor A is only .09. Factor I correlates .65 with faotor A 
which indicates a strong relationship between the factors. There are no over-
lapping tests. Thus the two number factors are quite distinct. 
;;;.;Fa;;.;c;.;;t;.;.o.;;;.r i 
Test 
9 Figure Chm ges 
14 Functional Relationship 
B Mixed Series 
2 PMA Reasoning 
Loading 
.57 
.34 
.33 
.30 
Figure Changes, Mixed Series, and FHA Reasoning are tests of the type that 
Spearman considered to be good ·tests of "gR. Such tests, Thurstone observed, 
seem to be inductive in character. In this battery all three are factorially 
complex. 
Figure Changes and Functional Relationship are tests in which the relation-
ship and part of the answer are given. The mental activity required to complete 
the item is essentially the eduction of a oorrelate. In Mixed Series and in PMA 
Reasoning the relationship is not given explicitly, but once it is discovered, 
the response may be the eduction of a correlate--a letter or number that would 
oontinue the series. 
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Faotor K 
Test 
-
Loading 
33 Formulas and Figures .46 
8 Mixed Series .43 
18 It'igure Matrix .32 
36 Missing Sign .26 
.34 Ydxed Operations .23 
Faotor K is diffioult to interpret with oonfidence beoause all the tests 
that define it are factorially oomplex. 
Mixed Series and Figure Matrix are induotive in charaoter. In Formulas an 
Figures an algebraio expression is to be matohed with a geometrio figure--rela-
tionships are sought. The ability to eduoe abstraot relations appears to be the 
main component of the mental prooesses that are probably involved in the solu-
tion of the tests represented on this faotor. 
Faotor L 
.............. --
~ Loadin& 
32 Number Fluenoy .43 
, PM! Word-Fluency .32 
1 PHA Number .24 
12 Number Series 2 -.)6 
Faotor L is obviously a fluency taotor. Both tests, Number Fluenc,y and FHA 
ord-Fluency, required the subject to produce quickly responses under a simple 
restricting condition. In Word-Fluency the words had to begin with a given let-
tar; in Number Fluency the numbers had to satisfy a given oondition, even, odd, 
ultiples of 3, eto. 
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The FHA Word-Fluency test is sometimes considered to be a test of same de-
gree of creativity or ideational fluency. FHA Number also has a small loading 
on this factor. It seems that the problems rosy have been solved in a more or 
less automatic way because of familiarity with the material. 
The test, Number Fluency, was developed for the purpose of discovering 
whether there would be any relation between word-fluency and number fluency. Ap-
parently there is and the link may well be a certain kind of reaction-time factor, 
the speed and ease with which one characteristically reacts to a familiar stimu-
lus. Thus fluency may be a personality characteristic. 
Two other tests, Number Relations and Fluency with Mathematical Expressions, 
were deSigned to study the relation between word fluency and number fluency. The 
restrictive conditions, however, being more rigid, these tests have vanishing 
loadings on factor L. 
Second-Order Analysis 
Correlations Between ~ Prima;r Factors 
When factorial analysis is, extended to the second order where an attempt is 
made to account for the correlations among the primaries, then more fundamental 
psychological variables are expected to emerge. Since the purpose of this stuqy 
was primarily the determination of same basic factors underlying mathematical 
a~ility, a thorough second-order analysis was performed. 
The correlations between the twelve primary factors are shown in Table XIX. 
Among the high correlations we note that the highest is the correlation of .66 
between the two number factors, A and I. 
tions with factor H, Verbalization. 
Both factors also have high correla-
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Faotors B, C, and D form one high~ correlated oluster while factors F, H, 
and L form another. Factor L actually overlaps both clusters. 
Factors E and K have moderate oorrelation with each other but seem to be 
independent of the rest of the factors. Factor G also appears to be independent 
of the other factors except fo~ its relatively high negative correlation with 
factor K. Factor J is practical~ orthogonal to all the other factors. 
The Second-Order Factors _ --.;...;.,;..0 .................... ___ ...........
The matrix of correlations among the primaries (Table XIX) was factored by 
the multiple-group method. Communalities were estimated by means of Thurstone's 
centroid formula and adjusted after eaoh of the three successive factorizations. 
Four factors were extracted. The orthogonal second-order factor matrix is given 
in Table XX. The loadings of the tests on the unrotated second-order factors are 
listed in Table XXIV. 
Rotation of the orthogonal second-order factors to an oblique simple struc-
ture was performed graphically and also by the analytical method developed by 
Thurstone.14 The first three second-order factors At, BI, and C· were determined 
almost identically by the two methods; the fourth factors differed. The simple 
structure obtained by graphical rotation was better than that achieved by the 
analytical method. The second-order analysis is therefore based on the results 
of the graphical rotations. The rotated second-order oblique factor matrix is 
given in Table XXI, the final transformation matrix in Table XXII, and the cor-
~lations between the seoond-order factors in Table XXIII. Loadings of the tests 
14L. L. Thurstone, IIAnslytical Method For Simple Structure, II Reports from 
the Psychometric Laboratory, University of North Carolina, No. 16 (July 195). 
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in the seoond-order rotated factors are listed in Table XXV. 
Factor At is almost orthogonal to the other seoond-order faotors. Factor 0' 
and D' show small negative oorrelation. Faotor B'has positive correlation with 
C' and negative with D'. 
The "gfl loadings for the tests were computed by means of Thurstone's for .. 
mula (51).15 They are listed in Table XXVI. 
The loadin"'8 of the tests on the first unrotated second-order factor were 
plotted against their "gil loadings. The result is shown in Figure 1. 
Allowing for rounding errors the olosenessotthe two sets of values is suoh 
as to indioate that the first unrotated second-order factor is a pretty good ap-
prOximation of the general factor that would have been extracted if Spearman 
methods of analysis had been used. The result is not as olose as that reported 
b.1 Rimoldi. l6 This may be partly due to the difference in the composition of the 
two test batteries. In the present study the tests were of a more homogeneous 
nature; of the thirty-six tests in the battery, twenty-eight were mathematical. 
Interpretation ~ Seoond-Order Factors 
The rotated seoond-order factor matrix has been summarized in Table XXVII. 
Primary factor J is not listed beoause it had only a small loading in each of 
the second-order factors. 
Factor A' is defined by the four primaries C, D, B, and L. It is thus quite 
general but has neither a verbal nor a numerical factor. The characteristic 
15Thurstone, Multiple Faotor Analysis, p. 276. 
l6H• J. A. Rimold1, Central Intelleotive Factor, p. 94. 
l' 
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element appears to be flexibility in handling complex perceptual relations and 
abstract mathematical symbols. 
Factor B', defined by the two number priInarios A and I, is clearly a number 
factor. It may be Significant that the primary D, defined almost exclusively by 
tests or a mathematical nature, has a rather high negative loading on this second-
order number factor. 
Factor C' probably represents abstraction. Both primary factors K and E 
which define it require the ability to educe and manipulate relations of all 
kinds. If the interpretation of the primar,y G as an error or guessing factor is 
correct, then its high negative loading on this second-order factor should not 
be surprising. 
It is evident that factor D' has much in cammon with factor A'. The dif-
f'erentiating feature is the presence of primaries Hand F on factor D' and the 
alternating roles of prL~ies L and B on the two second-order factors. It thus 
appears that factor D' might represent tho influence of scholastic variables on 
vhe activities or abilities defined by factor At. 
CHAPTER V 
DISCUSSION OF RESULTS 
The aim of the present study was to explore the domain of mathematical abi-
lity in general and in particular to study the nature of the numerical and rea-
soning factors that seem to enter into mathematical thinking. In the hope of 
measuring something more basic than acquired abilities an effort was made to so 
select and develop the tests as to minimize, as much as possible, the effect of 
formal training in mathematics. A scholastic factor, however, did emerge both 
in the first and in the second order. 
A unique development of the study is the splitting of the number factor in-
to two distinct, though correlated, factors one of which, factor A, was identi-
fied with what has commonly been called Thurstonets N. The other number factor, 
factor I, was more difficult to interpret. Its relation to the number factor N 
is found through the leading saturation of Multiplication on it and through its 
union with factor A on the second-order number factor Bt. 
Factor A is best represented by addition and seems to define an ability that 
is almost on the borderline of reasoning, an automatic sort of manipulation of 
numbers requiring perhaps only rote memory of various number combinations. Fac-
tor I is best represented by multiplication and shows some relation to deductive 
reasoning by clustering with such tests as Teams and Mixed Series. 
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Thurstone may have antioipated an outcome of this kind when he stated thai 
"a primary factor may be found to be itself a complex when a part of a domain is 
investigated with large batteries."l 
Whether a factor is isolated in the first or in the second order depends 
upon the selection of the variables in the test battery and on the method of 
analysis. In the present study only eight of the thirty-six tests were non-
mathematical. The mathematical tests varied in nature. That the number factor 
has become separated in the first order is not so surprising as the finding that 
Multiplication appears to have so little in cammon with the other tests of fun-
damental operations. This curious behavior of multiplication merits further in-
vestigation. 
The fact that only the two number primaries define the second-order number 
factor B' and that both primaries have vanishing loadings in the other second-
order factors may mean that numerical ability. as defined by the number factor, 
is not an important element in mathematical ability as here studied. This is not 
to be understood to mean that cmputationsl skills are unimportant. On the con .. 
trary, these skills are most,necessary to efficient mathematical thought, and 
!the schOols must continue to develop them. But it seems that though mathematical 
~bility presumes the number factor the converse is not true. 
The nature of several factors strongly suggests that the mathematical pro.. 
~esses appear to be mainly processes of eduction, organization, and manipulation 
of relations. Factors B, D, E, and I, each in its own way, represent abilities 
~hat may, in the final analysis, be reduced to a perception of relations and the 
!thurstone, Multiple Factor AnalysiS, p. 333. 
49 
use of this knowledge in the solution of problems. 
The above interpretation identities mathematical thinking with the second 
prinoiple of noegenesis. If the prinoiples of noegenes is do form the basis of 
all intellectual activity, then mathematical ability as here studied beoomes 
part of intelligence. This oonolusion in itself is neither new nor surprising. 
The striking thing is that apparently it is the seoond prinoiple of noegenesis, 
as distinguished from the third, that ilthe more olosely related to mathematioal 
ability. Factor J which was interpreted as eduction of oorrelates, the third 
prinoiple of noegenesis, is praotioally orthogonal to the rest of the first-ordor 
faotors and so unoorrelated with them. Its saturations on the second-order fao-
tors are all negligible. This finding, of oourse, may be only the effeot of se-
leotion in the present study. Final oonfirmation will have to oame fram further 
studies espeoially designed to investigate this proposition. Suoh studies ~ 
lead to valuable information about the struoture of mathematical ability as re-
lated to general intelligenoe. 
Faotor B was interpreted as flexibility of closure. The element of flexi-
bility that seems to pervade mpst of the tests on that faotor suggests that the 
more "Gestalt-free" an individual is the better his performanoe. This interpre-
tation makes it possible to identity faotor B with Rimoldi'a A2 whioh he defined 
~s a reasoning faotor that stressed "the essentially dynamio character of the 
process, and mainly the plasticity required to perform suoh an activity" in the 
~omplex situations presented in the tests. 
2Rimoldi, Central Intellective Factor, p. 83. 
,0 
Perhaps this flexibility or plastioity of operation is related to the "many-
sided nature of thought material" that Duncker disousses in relation to problem 
solving. 3 One sidednes8, or poverty of thought material--an inability to see 
more than one aspect at a time or to re-structure a concept once fonned--is there 
considered to be the chief distinguishing characteristic of poor thinking and at 
the same time of a limited kind of mathematical ability. 
The second-order analysis was motivated by an expectation of practically 
useful and fundamentally important results. To same extent this expectation has 
been realized. It is in the second order that we find some basic clues as to 
the nature of mathematical ability. 
One of the most interesting findings is in connection with second-order fac-
tors on which the tests show loadings very similar to their ~ loadings. The 
first un-rotated second-order factor I' shows close agreement with the general 
factor as can be seen fram Figure 1. After rotation to simple structure, two 
second-order factors, A' and D', show similar correspondence.4 The primary fac-
tor D has high loadings on both of these second-order factors. Factor B has a 
high loading on A' and a moder~te loading on D'. The relation of these primaries 
to the second principle of noegenes is has already been noted. 
The factors A' and 0' seem to represent the basic characteristics of mathe-
matical thinking, namely, eduction and manipulation of relations, and the ability 
to abstract from perceptual properties the essential mathematical concepts neces-
sary for the solution of the proposed problems. The fact that it is primary 
3Duncker, "On Problem-Solving," Psychological Monographs, No. " 194,. 
p. 38 ff. 
4See Figures 2 and 3, pp. ,3 and ,4. 
,1 
factors E and K that define the second-order factor C. seems to imply that 
mathematical ability may to some extent depend upon the degree of fluency and 
flexibility with which one can work under various forms of restrictions. B' is 
a number factor. There is no indication that this number factor can be identi-
fied with mathematical ability. The clustering of primaries H, i, and L on 
factor D' suggests that it may be regarded as a second-order scholastic factor 
Which represents the effect of formal training on the innate abilities represen-
ted in A'. 
Implications ~ Education 
Several of the factors found in this study were interpreted as dealing with 
relations. The ability to see or to discover relations of similarity or dif-
ference, equality arinequality, proved to be an important aspect of the dynamics 
of mathematical thinking. A considerable portion of the common variance of the 
tests was explained in terms of factors involving the manipulation of relations. 
Perhaps more emphasis placed on developing habits of looking for, discovering 
and analyzing relationships among the various elements of mathematical problems 
would lead to a more creative approach to the solution of diverse problems of a 
mathematical nature. 
Conclusions 
The hypotheses about the nature of mathematical ability proposed by the 
~uthor have in a great measure been well borne out b.Y the factors isolated in 
~he present study. In particular, the first three points of hypothesis (1)' have 
'See Chapter II, pp. 21-22. 
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gained factorial support in factors B, D, E, K, and J. Though no explicit fac-
torial evidence was found for the fourth point it is implied in the first three 
points. 
Hypothesis (2) has been partially verified. It has been shown that compu-
tational facility as defined by the number factor may not be an important element 
in mathematical ability as here studied, but the nature of the number factor has 
not been clearly defined. The splitting of the number factor into two distinct 
first-order factor suggests new lines of investigation for future research. 
The appearance of the verbalization factor lends some support to hypothe-
sis (3). 
No direct evidence can be shown for the hypothesis that an aesthetic sense 
of symmetr,y. order, and harmony characterizes certain phases of mathematical 
~ctivity but that is not so surprising. Beauty is such an intangible quality 
that it can hardly be measured in a purely objective manner. 
The tests that did not depend on formal training in particular subject 
~ranches proved to be highly instrumental in defining factors that gave the best 
clues as to the nature of math~tical thinking. 
The findings of the present study suggest some problems for future research. 
Are there two distinct number factors? If so, what is their nature? How do 
they differ from each other? Does multiplication require abilities not required 
by the other fundamental operations? Is fluency and flexibility of thought under 
restrictive conditions a distinctive characteristio of mathematical thinking? 
A' 
1 
11.00 
! , 
: 
I 
_____ -:J+-11 ________ --=le,00 
a Mgt. 
FIGURE 2 
PLOT OF "gH LOADINGS AGAINST LOADINGS IN THE FIRST 
SECOND-ORDER ROTATED FACTOR 
S3 
_~ _____ ---;n+-__ . ______ ---,l.OO 
v 
"gil 
FIGURE :3 
PLOT OF "gO LOADINGS AGAINST LOADINGS IN THE FOURTH 
SECOND-ORDER ROTATED FACTOR 
54 
BIBLIOORAPHY 
I. BOOKS 
Adkins, Dorothy C., and Samuel B. Lyerly. Factor Analysis 2! Reasoning Tests. 
Chapel Hill, 1952. 
Anastasi, Anne. PSychological Testing. New York, 1954. 
-----, and John Foley, Differential Psychologye New York. 1949. 
Bell, Eric Temple. !h! Queen .2!. !!:!! ... Sc ... i ..... e ..... n ..... c .... e_s. New York, 19.31. 
Bloom, Benjamin S., and Lois J. Broder. Problem-Solvina Prooesses 2! College 
Students. Chicago, 1950. 
Burt, Cyril. The Distribution and Relation of Educational Abilities. London, 
1917. - - -
-----, !2! Faotors.2!. !2!~. New York, 1941. 
Campbell, Donald F. Factorial Comparison of Arithmetic Performance of ~ in 
Sixth and Seventh Grade. Washington,-n.C., 1956. ----
-
Dantzig, Tobias. Number,!2! Language 2! Science. New York, 1954. 
Donahue, Donald F. Factorial C2MParison 2! Arithmetio Problem-Solving Ability 
g! ~!!!! Girls ~ Seventh Grade. Washington, D. C., 1956. 
Freeman, Frank. Theory~ Practice £! Psychological Testing. New York, 1955. 
rench, J. The Desoription of AttitUde and Achievement Testa in Terms of 
RotatedFactors. (}hicago, 951. - ---
ocka, Edward F. A Comparison of Some AnalYtic Methods of Rotation In Factor 
Analysis. Seattle, 195'. - - --
u1ltord, Jay Paul. Psychometric Methods. New York, 1954. 
-----, and J. I. Lacey, eds. Printed Classification Tests. Washington, D.C. 
1947. 
adamard, Jacques. !h! Psychol0&r £! Invention 1a ~ Mathematical Field. 
New York, 1945. 
55 
56 
Hardy, G. ! Mathematician~ Apologz. Cambridge, Eng., 1940. 
Holzinger, Karl J. PreliminarY Report ~ Spearman-Holzinger Unitary Trait Study 
Chicago, 1935. 
, ---, A StU& in Factor Analysisl !h! Stabilitl 2.!! Bi-Factor Solution. 
Chicago, 19j'9. 
Judd, Charles Hubbard. PSlchological Analysis of ~ Fundamentals £f Arith-
metic. Chicago, 1927. 
Kelley, Truman L. Crossroads!!!!!!!!!!!:!2 Of~. Stanford, 1928. 
--. Essential Traits 2! Mental f!f!. Cambridge, Mass., 1935. 
nine, William E. A Synthesis 2! 1'!.2 Factor Analpes £f Intemediate Algebra. 
Princeton, 1950. 
Moore, Thomas Verner. Multi~le Correlation and the Correlation Between General 
Factors. Baltimore, 192. - ---
Newman, James R. The World of Mathematics. 4 vols. 
---;.;;.;;;..;.;;.;..;;;;;.;;;;;;;..;;.;;;;..;;.;;. New York, 1956. 
Poincare, Henri. Science ~ Method. Dover ed. New York, 1952. 
_____ • Science!22 BlPothesis. Dover ed. New York, 1952. 
Polya, Gyorgy. Mathematics ~ Plausible Reasoning. 2 vols. Princeton, 1954. 
Rogers, Agnes L. Experimental Tests of Mathematical Ability and Their Prognos-
tic Value. New-!ork, 1918. -- ---
-....;;;;; ...... 
Spearman, Charles. !h! Nature E£ Intelligence !22 ~ Principle 2! Cognition. 
New York, 1923. 
____ e. The Abilities of Man. New York, 1927. 
- --
-----, and wynn Jones. Human Ability. London, 1951. 
Thomson, Godfrey. !h! Factorial Analysis 2! Human Abilitl. London, 1939. 
Thorndike, Edward L. !h! PSlchology ££ Arithmetic. New York, 1922. 
Thurstone, Louis L. Primarz Mental Abilities. Chicago, 1938. 
-----, and Thelma G. Thurstone. Factorial Studies ££ Intelligence. Chicago, 
1942. 
--. ! Factorial Study' 2! Perception. Chicago, 1944. 
57 
-----. Multiple Factor Analysis. Chicago, 1947. 
Vernon, Philip E. The Structure of Human Abilities. 
- -=...;...;. New York, 19$0. 
Watters, Loras J. Factors!E Achievement ~ Mathematics. Washington, D.C., 
1954. 
Werdelin, Ingvar. !!!! Mathematical Ability:. Lund, 1958. 
Wertheimer, Max. Productive Thinkin~. New York, 1945. 
Wollle, Daehl. Factor Analysis .:!:.2. 1940. Chicago, 1940. 
II. ARTICLES 
Andree, R. V. "A Computational Short Cut in Factor Analysis," Psy:chological 
Bulletin, XLII (March 1952), 144-147. 
Anastasi, Anne. "The Nature of Psychological Traits," Psy:chological Review, 
LV (May 1948), 127-138. 
---. "The Measurement ot Abilities," Journal of Counseling Psychology, I (Fall 1954), 164-168. --
cher, R. L. "A Note on the Theory ot the General and Specific Factors in 
Ability," British Journal ~ Educational Psy:chology, VI (June 1936), 165. 
Barakat, M. K. "A Factorial Study of Mathematical Abilitr," The British 
Journal ~ Statistical Psy:chology, IV (November 1951), 1)~6. 
Barlow, J. A. and Cyril Burt. "The Identification of Factors From Different 
Experiments," British Journal of Statistical Psy:chology, VII (May 1954) 
52-56. -
Bernyer, G. "Psychological Factorsl Their Number, Nature, and Identification," 
British Journal £! Statistical Psy:chology, X (May 1957), 17-27. 
lackwell, A. M. itA Comparative Investigation Into the Factors Involved in 
Mathematical Ability of Boys and Girls," British Journal of Educational 
Psychology, X (June 1940), 14)-153) (November 1940), 212-2~. 
lakey, R. I. "A Factor Analysis of a Non-Verbal Reasoning Test,1f Educational 
~ .Psy:chological Measurement, I (April 1941), 187-198. 
otzum, William. "A Factorial Study of the Reasoning and Closure Factors," 
Psy:chametrika, XVI (December 1951), )61-386. 
own, W. "An Objective Study of Mathematical Intelligence," Biometrika, 
VII (March 1910), 352-)67. 
$8 
1---, and W. Stephenson. "A Test of the Theory of Two Faotors," British 
Journal 2! Psyohology, XXIII (April 1933), 3$2-370. 
~t, Cyril. "The Relations of Educational Abilities," British Journal of 
Educational Psyohology, IX (February 1939), 4$-71. --
~---. "Mental Abilities and Mental Faotors," British Journal of Eduoational 
Psychology, XIV (June 1944), 8$-94. --
~----. "The Struoture of the Mind," British Journal £! Eduoational Psychology, 
XIX (November 1949), 176-199. 
~--. tithe Differentiation of Intellectual Ability," British Journal of 
Eduoational Psychology, XXIV (June 19$4), 76-90c --
~arroll, J. B. "The Faotorial Representation of Mental Ability and Aoademic 
Achievement," Educational!!:!!! Psychological Measurement, III (1943), 
307-332. 
~obb, M. V. "A Preliminary Study of the Inheritance of Arithmetical Abilities," 
Journal £! Eduoational Psyohology, VII (January 1917), 1-20. 
pOllar, Daniel. "A Statistioal Survey of Arithmetioal Ability," British 
Journal £! Psyohologl, XI (October 1920), 135-1$8. 
pamrey, A. L. "A Faotorial Study of Aohievement in West Point Courses," 
oational ~ Psyohologioal Measurement, IX (1949), 193-209. Edu--
poombs, C. H. "A Factorial Study of Number Ability," Psyohanetrika, VI (June 
1941), 161-189. 
~oker, Karl. "On Problem-Bolv1ng," Psyohologioal Monographs, LVIII (194$), 
No.5. . 
lFouracre, L. "Psychologioal Tests of Mathematioal Ability," Forum of Eduoation. 
IV (1926). --
poodman, C. H. "Faotorial Analysis of Thurstone's Seven Primary Abilities," 
Psyohometrika, VIII (June 1943), 121-129. 
~----. "A Faotorial Analysis of Thurstone's Sixteen Primary Mental Abilities 
Tests," PSychometrika, VIII (September 1943), 141. 
preen, R. F., Guilford, R. P. Christensen, and A. L. Comrey. "A Factor-Analytic 
Study of Reasoning," Psychometr1ka, XVIII (June 1953), 135-260. 
puilford, Joy Paul. "Human Abilities,1I PSlOhologioal Review, XLVII (July 1940), 
367-394. 
59 
_____ • flA Note on the Discovery of a G Factor by Means of the Centroid Method 
of Analysis," Psychometrika, VI (June 1941), 205-208. 
___ a, et ale "A Factor-Analytic Study of Many Reasoning Tests with the Air 
Force Aircrew Classification Battery," Reports ~ ~ Psychological 
LaboratoEl, 1952, No.6. 
____ a, J. P. Kettner and P. R. Christensen. 
the Factor Called General Reasoning," 
Laboratory, No. 14, 1955. 
itA Factor Analytic Investigation of 
Reports ~ the Psychological 
____ a, end W. B. Michael. "Changes in Factor-Loadings as Tests Are Altered 
H omogeneoualy in Length," Psychometrika, XV (September 1950), 237-249 
-. "When Not to Factor-AmLlyze," Psychological Bulletin, XLIX (January 
1952), 26-37. 
----, Benjamin Fruchter, and W. S. Zimmerman. IIf'actor Analysis of the AAF 
Sheppard Field Battery of Experimental Aptitude Tests," Psychometrika, 
XVII (March 1952), 45-66. 
Hills, J. R. "Factor-Analyzed Abilities and Sucoess in College Mathematics," 
Educational ~ Psychological Measurement, XVII (Winter 1957), 615-622. 
Holzinger, Karl J. "The Relation of Two Bj-Factors to Achievement in Geometry 
and Other Subjects," Journal of Educational PSlchology, XXXVII (May 
1946), 257-265. -
Hotelling, H. "Analysis of a Complex of Statistical Variables Into PrinCipal 
Components," Journal ~ Educational PSycholoSX' XXIV (September 1933), 
417-496. 
lHoulihan,. F. J. "Secondary School Boys' and Girls' Aohievement and Intelli-
gence," !h! Catholic Educational Review, LI (May 1953), 269-299. 
Jeffress, Lloyd. "The Nature of 'Primary Abilities'," American Journal of 
PSlchologz, LXI (January 1946), 107-111. --
Kelley, Truman L. "Mental Factors of No Importance, tI Journal of Educational 
PSlchology, .xxx (February 1939), 139-142. 
~ennedy, J. W., and Mayor, R. "Individual Differences and Mathematics," ~ 
, Delta Kappan, XXXVII (February 1956), 222. 
!Lemmon, Martha L. itA Psychological Consideration of Analogy," American Journal 
~ PSlchologyJ LI (April 1936), 304-356. 
~cNemar, Olga W. "An Attempt to Differentiate Between Individuals With High and 
Low Reasoning Ability," American Journal ~ PSlchology, LXVIII (March 1955) 
20-36. 
60 
Mooney, C. M. "A Factorial Study of Closure," Canadian Journal2! Psychology, 
VIII (January 1944), 51-60. 
Murray, J. E. "An Analysis of aeometric Ability," Journal of Educational 
Psychology;, XL (February 1949), 118-124. -
Oldham, Hilda W. "A Psychological Study of Mathematical Ability With Special 
Reference to School Mathematics," British Journal of F~ucational Psycho-
!ssl, VII and VIII (November 1937 and February 1938); 269-286; l6-2B. 
Pemberton, Carol. "The Closure Factors Related to Other Cognitive Processes,1t 
Psychometrika, XVII (September 1952), 267-288. 
Phillips, D. E. "Number and Its Applications Psychologically Considered," 
Pedagogical Semin8£l, V (October 1897), 221 -281. 
R~luhard, Suzanne. "Mental Organization and Age Level," Archives of PsychologYJ 
, No. 295 (June 1944). --
Reyburn, H. A., and J. C. Taylor. "Some Factors of Intelligence,1t British 
Journal 2! Psychology, XXXI (January 1941), 249-261. 
Rimoldi, H. J. A. "Analisis Faotorial," Ciencia! Investigacion. IV (Enero 
1948), 7-14. 
__ e. "A Study of Some Factors Related to Intelligence," Psychometrika, 
XIII (March 1948), 27-46. 
_____ • "Aplicaciones y Teoria Del Analisis Factorial,1t Cienca E Investigacion, 
V (Octubre 1949), 399-40h. -
____ e. "The Central Intellective Factor," PSychometrika, XVI (March 1951), 
75-101. , 
Ryan, T. A. "Mathematical Objects and Symbolizing," American Journal of Psy-
chology;, LI (April 1938), 283-303. --
Schneck, Matthew, R. "The Measur&ment of Verbal and Numerical Abilities," 
Archives ~ Psychology, No. 107 (April 1929). 
Scripture, E. W. "Arithmetical Prodigies," American Journal of Psychology, 
IV (April 1871), 1-59. --
Spearman, Charles. "Disturbers of Tetrad Differences," Journal of Educational 
Psychology. XXI (November 1930), 559-573. --
----. "Thurstone' s Work Reworked," Journal 2! Educational Psyc;hologl, XXX 
(January 1939), 1-16. 
----. "Theory of General Factor," British Journal £f. f!Jychology, XXXVI 
(M~ 1946), 117-131. 
-----, and B. Hart. "General Ability, Its Existence and Nature," British 
Journal £f. Psychology, V (March 1912), ,1-84. 
61 
Swineford, Frances. "A Number Factor," Journal 2! Educational Psychology, 
XL (March 1949), 157-167. 
Thomson, Godfrey. ItThe Factorial Analysis of Ability," British Journal of 
Psychology, XXX (October 1939), 71-77. --
Thurstone, Louis L. "Psychological Implications of Factor Analysis," American 
Psychologist, III (September 1948), 402-408. 
___ e. "Analytical Method for Simple Structure, II Reports from Psychometric 
Laborato!y, No. 16 (19,3). ----
---. "An Analytical Method for Simple Structure," Psyohometrika, XIX 
No.3 (September 1954), 173-182. 
Tuoker, Ledyard R. ItThe Objeotive Definition of Simple Struoture in Linear 
Factor Analysis," Psychometrika, XX (September 1955), 209-225. 
ashburn, M. F. "Mathematical Ability, Reasoning and Academic Standing," 
American Journal 2! Psychology, L (April 1937), 484-488~ 
eiss, Eleanor S. "A Factor Analysis of Mathematical Abilities," Unpublished 
Doctoral Dissertation. Harvard University, Cambridge, 1955. 
eyl, Hermann. "Mathematical Way of Thtnld.hg," Science, XCII (November 1940), 
437-446. 
rigley, J. "Factorial Nature of Ability in Elementary Mathematics," .British 
Jo~!!£! Educational PSlchology, XXVIII (February 1958), 61-18. 
APPENDIX I 
TABLES FOR THE PRELIMINARY STUDY 
TABLE I 
SUB-BATTERY OF FOURTEEN THURSTONE TESTS 
FOR THE PRELIMINARY STUDY 
1 (T8)a Figure Classification 
2 (T26) Identical Forms 
3 (T27) Pursuit 
4 (T29) Areas 
5 (T30) Number Code 
6 (T33) Multiplication 
7 (T35) Tabular Completion 
8 (T37) Number Series 
9 (T38) Numerical Judgment 
10 (T39) Arithmetical Reasoning 
11 (T43) . Code Words 
12 (T44) Pattern Analogies 
13 (T45) Syllogisms 
14 (T53) Hands 
Test No. 8 in the PM! Study. Si-
milar code is used for the other tests. 
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TABLE II 
THE CORRELATION MATRIX FOR 
THE PRELIMINARY STUDya 
Test 1 2 3 4 5 6 7 8 9 10 11 12 13 14 
1 
-
2 22 
-
3 40 22 
-
4 31 00 43 
-
5 40 22 40 45 
-
6 10 03 29 29 62 
-
7 37 16 22 52 52 47 
-
8 52 16 34 42 40 30 68 
-
9 16 10 28 43 43 52 48 43 
-
10 30 16 25 56 66 48 58 72 64 
-
11 53 40 34 47 66. 33 36 58 42 62 
-
12 51 34 46 57 47 10 26 43 46 54 69 
-
13 52 35 43 54 50 38 60 46 33 50 66 43 
-
14 21 03 40 42 50 30 27 17 22 29 37 16 39 
-
&me decimal point h~ been omitted for all entries. 
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'I'ABLE III 
THE CENTROID FACTORIAL MATRIX 
FOR THE PRELIMINARY STUDya 
Test I II III IV V VI VII VIII h2 
1 57 28 25 14 -14 12 -23 05 57 
2 31 23 28 20 33 -18 08 12 43 
3 56 29 -29 07 -11 -08 -24 21 61 
4 68 07 -18 -24 -30 -10 18 08 70 
5 18 -11 -20 15 25 27 08 17 85 
6 55 -42 -35 18 18 -05 -08 -22 72 
7 70 -35 12 18 -29 -17 13 -11 80 
8 71 -18 38 -06 -27 13 -20 -08 82 
9 62 -32 -09 -25 13 -22 -12 -07 64 
10 79 -36 12 -28 05 11 12 06 87 
11 81 22 19, -11 27 21 08 -13 89 
12 10 34 10 -40 17 -11 -12 22 88 
13 76 21 09 27 -10 -11 22 -12 79 
14 47 08 -41 16 -14 22 19 08 53 
aThe decimal point has beAn omitted for all entries. 
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'l'ABLE IV 
THE OBLIQUE FACTOR MATRIX FOR 
THE PRELIMINARY STUDya 
Test A B C D E F G H 
1 23 01 38 -16 06 -02 -08 03 
2 -05 04 05 -05 50 .03 12 -06 
3 60 06 08 10 -08 -02 -02 -04 
4 46 00 -05 43 -04 07 36 06 
5 07 36 17 00 06 53 -06 -05 
6 -07 59 -08 03 -06 19 -07 10 
7 -Ul 43 21 06 -03 -06 36 -05 
8 00 33 51 02 -12 -05 -05 -06 
9 07 50 -02 43 01 -06 00 ... 03 
10 -06 43 24 38 00 25 08 -09 
11 -01 03 01 10 42 35 -04 29 
12 42 00 05 48 21 -02 00 -02 
13 16 02 01 -05 35 09 38 20 
14 31 -02 -05 .03 -10 42 14 11 
aDecimal points have baen omitted for all entries. 
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TABLE V 
FINAL TRANSFORMATION MATRIX 
FOR THE PRELIMINARY STUDy8 
A B C D E F G H 
I 232 305 156 190 143 174 ll6 070 
II 500 -804 -271 -085 437 -027 057 381 
III 
-475 001 540 -180 317 -286 045 -174 
IV -166 190 211 -828 086 062 070 -108 
V 
-424 228 -250 043 583 289 -344 021 
VI -240 -183 395 -420 -308 782 -506 195 
VII -236 -364 -372 175 424 432 774 140 
VIII 382 133 465 160 -269 033 058 -8n 
aDecimal points have been omitted for all entries. 
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TABLE VI 
REFERENCE VECTOR COSINES FOR 
THE PRELIMINARY STUDY 
A B C D E F G H 
A .996 
B 
-.279 1.01 
C 
-.114 .374 1.01 
D .327 .013 -.387 .996 
E -.289 -.292 -.457 .047 1.01 
F 
-.247 -.144 -.016 -.200 .030 .999 
G .129 -.257 -.333 .294 .330 -.149 1.00 
H 
-.114 -.503 -.594 -.094 .358 .235 -.034 1.01 
68 
TABLE VII 
CORRELATIONS BETWEEN THE PRIMARY FACTORS 
FOR THE PRELIMINru1Y STUDY 
A B C D E F G H 
A 1.00 
B .62 1.00 
C .1'3 .46 1.00 
D .80 .48 .79 1.00 
E .69 .43 .61 .61 1.00 
F .54 .38 .38 .48 .37 1.00 
G -.10 .17 .10 -.14 -.26 .02 1.00 
H .64 .64 .77 .65 .36 .26 .21 1.00 
APPENDIX II 
Description Of The Tests 
Ten of the tests are standardized tests. These are listed first. Tests 
1 through 5 are the ~ Pr~ Mental Abilities, Intermediate, Ages 11-17, 
Form AR, revised 1949 edition published by Scienoe Research Associates, 
Chicago, Illinois. This Battery of five tests is a shortened and simplified 
Version of the Chioago Tests £! Primary Mental Abilities by L.L. Thurstone 
and T.O. Thurstone, also published b,y Soienoe Research Associates. 
Tests 6 and 7 are the two parts of the California Mathematics !!!!, 
Advanced, Orades 9-14, Form !A, 1950 edition by Ernest W. Tiegs and Willis 
Clark. The tests are published by the California Test Bureau, Los Angeles, 
California. 
Tests 8, 9, and 10 were taken from the Holzinger-Growder Uni-Factor 
Tests by Karl J. Holzinger and Norman A. Crowder, Form AM, 1950 edition pub-
lished by World Book Company,'Yonkers-on-Hudson, New York. 
Tests 11 through 22 are adaptations of tests used by other investigators 
in similar studies. 
Tests 23 through 36 are new, original tests developed for this study b,y 
the writer. The germ ideas for several of these tests were given by Dr. 
Rimoldi whose generous contribution of time and knowledge is gratefully 
acknowledged. 
Descriptions of the individual tests now follow. 
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!!.!1 No. 11 !!!. Number required the addition of four two-digit numbers. 
Sample It81u 
48 
45 
17 
82 
192 
The given answer was to be marked as right or wrong. Five practice items 
and seventy test items were given. Time limi ta six minutes. 
This test was included in the battery as a reference test for the number 
factor N. 
!!!! No. 2. ~ Reasoning was a letter series type of test. 
Sample Item. 
abxcdxetxghx 
The problem was to mark the letter that would came next in the series. 
Ten practice items and thirty test items were given. Time limit. six minutes. 
This test was included as a reference test tor reasoning of an inductive 
nature. In problems of this type it is necessary to discover a rule or prin-
ciple and then to apply it. 
Test No. J. PMA Space was a simple visualization test involving some kin-
aesthetio imagery. The test items were rows of figures turned in different 
directions. 
Sample Item. 
The task was to mark in each row every figure that was like the first fi-
gure even though it had been rotated. Mirror-images - figures made backward-
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were not to be marked. The number of figures to mark in a row was not always 
the same. There were six practice items and twenty test items. Time limitl 
five minutes. 
This test was included as a reference test for the space factor S. 
~ No.4. .!!! Verbal-Meaning was a synonym type of test. 
Sample Iteml 
SAFE A. Secure B. Loyal C. Passive D. Young 
The task was to mark the word that had the same meaning as the first 
word. Five practice items and fifty test items were given. Time limit. four 
minutes. 
~ No.5: .!!!. ~-Fluency differed from the preceding test in that 
understanding of the verbal concepts was not involved at all, merely speed 
and ease in producing words of a certain kind. The task was to write within 
a given period of time, as many words as possible beginning with the letter !. 
Time limitl five minutes. 
Tests No. 4 and No. 5 were included as reference tests for the verbal 
factors V and W •
.!!!! No.6, .Q!:1! Reasoning consisted of four sections, namely, Number 
Concept, Symbols and Rules, Numbers ann Equations, and Problems. 
sixty items. T~_lne limit: thirty minutes. 
There were 
!!!1 No. 71 ~ Fundamentals also consisted of four sections involving 
the addition, subtraction, multiplication, and division ctintegers, fractions, 
and decimals. There were eighty items. Time limit. thirty-eight minutes. 
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Tests No. 6 and No. 7 were included as external criteria. They are ex-
pected to be factorial1y complex. 
!!!! No.8. H-C Mixed Series included both number and letter series. 
---........ -
Sample Items I 
Series 
ABBCCCDDD 
F1E2D3C4B 
1 3 2 4 3 .5 4 6 
Next Term 
ABFDE 
A B.5 1 3 
4 .5 6 7 8 
The task was to figure out the rule in each series and to use that rule 
by indicating what the next tem should be. Five practice items and forty 
test items were given. Time limit. seven minutes. 
This test was inoluded as a referenoe test for reasoning factors • 
.'!!!! No.9: Figure Changes was a figure-analogies test. 
Sample Item. 
3 011 
The problem was to discern the relationship between the first figure and 
the second figure, and then to seleot a figure that bore the same relationship 
to the third figure. Five practice and forty test items were given. Time 
limit, seven minutes. 
Test No. 9 was ino1uded as a test of i. It is expeoted to be factorially 
complex. 
~ No. lOa Teams was a test of syllogistic reasoning. Certain facts 
were given and the problem was to decide whether each of a series of 
conclusions did or did not follow from the given facts. 
Sample Item: 
Facts 
All hurdlers are swimmers 
All swimmers are golfers 
No swimmers are boxers 
Conclusions 
No boxers are swimmers 
All hurdlers are golfers 
Some golfers are swimmers 
No swimmers are hurdlers 
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The conclusions were to be judged "True" or "False" on the basis of the 
given tacts. The test consisted ot four sets of facts and thirty conclusions. 
Time limits six minutes. 
Test No. 10 was included as a reterence test for logical reasoning. 
~ No. 111 IJumber Series was a free-answer test patterned after cur-
rent number series tests. 
Sample Items I 
13579 
10 9 8 7 6 
3 5 465 7 
The numbers in e.ch row were written according to a rule and the problem 
seemed to be to discover that rule and to write the number that would follow 
next in the series. Three practice items and twenty test items were given. 
Time limit I ten minutes • 
.!!!!: No. 12. Number Series (2) differed fran the preceding test in that 
each row contained a number that did not belong in the series. 
Sample Items t 
3 6 9 12 14 15 18 21 
2 4 6 8 9 10 12 14 
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The problem was to determine which number did not belong in the series 
and to write it on the blank at the right. Two practice items and twenty test 
items were given. Time limit: ten minutes. 
~ No. 13: Statement ~ Symbols Translation was patterned after a test 
used by Kline. l The test items were problems of a type commonly found in 
first-year algebra and involved a direct translation of words into algebraic 
symbols. 
Sample Item: 
a) h x k 
The sum of h and k 
- -
b) h - k c) h + k d) hk e) h/k 
The task was to select from the five given alternatives the one that cor-
rectly translated the verbal statement into an algebraic expression. There 
were twenty test items. Time limit' ten minutes. 
This experimental test was included to test the hypotheSiS that mathe-
matical ability requires a fluency in manipulation of symbols. 
~ No. 14. Functional Relationship was patterned after a test used by 
Weiss.2 The problems involved cases of direct and inverse variation. 
Sample Item. 
If x increases, Y (increases, decreases, remains the 
same, cannot tell) 
If n increases, Y (increases, decreases, remains the 
same, cannot tell) 
The task required the completion of each of the statements at the right 
by underlining the word or words that made the statement true. There were 
lKline, ! SyntheSiS £! !!2 Faotor Analyses. 
2weiss, ! Factor Analysis £f Mathematical Ability. 
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fifteen items and thirty statements to complete. Time limit. twenty minutes. 
This test was deSigned to test hypotheses la and lc - that mathematical 
ability involves the seeing ot relationships, realizing their implications, 
drawing conclusions from them, and the ability to handle abstractions. 
!!!! No. 151 Problem Ana!Ysis ! was patterned after test items included 
in standard achievement batteries. 
Sample Itemc 
You work after school and Saturdays. You earn $15 a week. To find 
out how many weeks it will take to earn $75, it is necessary tOI 
1. add 
-
2._ subtract 
3._ multiply 
4. divide 
-
The task was simply to check the correct answer. 
given. Time limit. ten minutes. 
Twenty problems were 
!.!!i No. 16. Problem Analysis!! was patterned after a test used b,y 
Guilford. The test item was a question followed b,y four statements. Three 
of the statements contained the information necessar,r to solve the problem 
stated in the question. The fourth statement gave irrelevant information. 
Sample Item. 
Question I How old is Mary? 
Statements I a. Tom is 4 years older than John. 
b.~ is 3 years older than Tam. 
c.---rom and John are brothers. 
d.---Three years ago, Mar,r was twice as old 
-as John. 
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The task was to indicate the irrelevant statement. There were twenty 
test items. Time limit. ten minutes. 
Teata No. 15 and No. 16 were included to test hypothesis 1d - that mathe· 
matica1 ability involves the ability to analyze a situation, distinguish re1e-
vant .1'rom irrelevant data, and to organize a sequence 0.1' steps leading to a 
solution. 
~ No. 111 Figure Grouping was an adaptation 0.1' Thurstonets Figure 
Classification test which was considered a good test 0.1' ,. Each test item 
consisted 0.1' .1'our .1'igures or designs, three 0.1' which could be grouped on the 
basis 0.1' a cammon characteristic. The fourth .1'igure was di.t'.1'erent. 
Sample Item: 
ABC D 
A.___ B. ___ C. ___ D. ___ 
The task was to check the letter that corresponded to the ttdi.t'.1'erent" 
.1'igure. 
!!!l No. 18, Figure Matrix was essentially an adaptation 0.1' the Raven 
Progressive Matrices and similar to a teat used by Guilford. 
Sample Item I 
? 
Answer Figures 
A. B. C. 
---
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In each matrix one or more cells were left empty and the problem was to 
indicate the answer figure that would correctly fill the square indicated by 
the question mark. There were twenty-four items. Time limits twenty minutes. 
Tests No. 17 and No. 18 were included to test hypotheses la and lb and 
to same extent hypothesis 4. They were expected to be factoria1ly complex. 
~ No. 191 Addition consisted of problems requiring the addition of 
two, three, or four single-digit or two-digit numbers. 
Sample Items I 
Adds 
7 4$ 
...L..J2. 
1 
$ 
...J 
37 
9$ 
24 
-
There were seventy items. Time limitl six minutes. 
8 
o 
3 
.1. 
98 
89 
72 
33 
~ No. 20. Subtraction required the subtraction of one-digit, two 
digit, or three-digit numbers. 
Sample Items I 
Subtract I 15 
8 
44 
12 
462 
174 
-
There were eighty items. Ti.m8 limit: six minutes. 
!!!! No. 21: Multiplication required the multiplication of one, two, 
three, or four-digit numbers by a one-digit number. 
Sample Items I 
Multiply. 8 
6 
47 
....1 
9171 
9 
There were seventy items. Time limit: twelve minutes. 
~ No. 221 p1vision oonsillted of two parts. The first part required 
the division of two-digit and three-digit numbers by a one-digit number. The 
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divisions were exact. In the second part the divisions were not exact but 
only the remainder was asked for. 
Sample Items I 
Part 1: Perform the division 
Part 2: Perform the division and write only the remainder. 
7]17 
R~_ 
3[16 
R~ __ 
9J7S 
R~_ 
There were sixty items. Time limit. six minutes. 
Test No. 23a Conditions 1 was a test of logical reasoning in very ab-
- ............... .:;. 
stract form. The test consisted of a set of equations defining relations be-
tween certain quantities. For each set of conditions some conclusions were 
given and the problem was to judge whether or not the conclusions were true 
under the given conditions. 
Sample Items I 
Conditions Conclusions 
Given that a-b Then: 1. aDd 
. baf 2 • f • a f~ 
Given that a - b • c Then. 1. a • m 
b > m 2. a • c 3. c • m 4. m< a 
The task was to place a check mark on the blank if the conclusion was 
true under the given conditions. There were six sets of oonditions with 
thirty conolusions. Time limit I fifteen minutes. 
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!!!! No. 241 Conditions ~ was similar to test No. 23 except that the 
student had to indicate the relation which would express a true conclusion 
under the given conditions. 
Sample Item: 
Conditions 
Given that a • b 
b > C 
Conclusions 
The required task was to write a symbol on the blank between the letters 
such that the conclusion would be true. The usual symbols • • , > , and < were 
permitted. If the relation between the two quantities could not be determined 
on the basis of the given facts the symbol 0 was to be written. There were 
eight sets of conditions and thirty conclusions. Time limit: twenty minutes. 
Tests No. 23 and No. 24 were included to test hypotheses la, lb, and 1c. 
It will be interesting to find out whether these two tests require the same 
kind of ability as the verbal test in syllogistic reasoning, Test No. 10. 
~ No. 251 Fluency ~ Mathematical Expressions 
Sample Items: 
In how many different ways can you write that 3 times the 
sum of c and d is to be divided by m? 
- - -
The purpose of this test was to determine, in some measure, to what ex-
tent fluency with verbal material, as presented in Test No.5, compared with 
fluency and ease in handling more or less abstract mathematical concepts. It 
must be remembered that Test No. 5, ~-Fluency, required no verbal compre-
hension whatever, whereas this test calls for a certain amount of understand-
tog of both verbal and mathematical concepts. There were eight items. 
Time limite two minutes per item. 
~ No. 26. Quantitative Relationship 
Sample Items. 
6 
5(2) 
:3 + 7 - 5 
:3 x 7 x 5 
8 
8 + 10 
:3 - 7 + 5 
5 x:3 x 7 
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The required task was to determine the relationship between the two gi-
ven expressions and to place the proper mathematical sign (> , ., or <) be-
tween them. There were twenty-five items. Time limitl ten minutes. 
!!!! No. 27. Numerical Inequalitie! required number-operations with in-
equalities. In each row the first problem was solved and the student was in-
structed to solve the remaining problems in the row in the same way as the 
first one, that is, either by addition, or subtraction, or multiplication, or 
division. 
Sample Items I 
1. 7 > 4 10 < 15 5 • 5 7 • 7 
2 • 2 8 • 9 > 6 
8 6 > 5 5 < 6 
2. 8 < 12 18 • 18 20> 20 16 < 24 
4 • 4 6 > :3 4 < 5 8· 8 2 < 03 
There were five rows containing twenty test items in all. Time limit. 
ten minutes. 
~ No. 28. Algebraic !neSualities was similar to the preceding test 
except that the numbers were replaced by letters. 
Sample Item: a > b 
0·0 
(a+o) > (b+o) 
b • d 
o > d 
x > y 
f < e 
a < b 
o < 0 
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As in the preceding test, the student was instruoted to solve all the 
problems in a row in the same way that the first one was solved. If the re-
lation between the quantities could not be determined, the symbol 0 was to be 
used. There were twenty test items. Time limit: ten minutes. 
Tests No. 27 and No. 28 and to sane extent Test No. 26 were designed to 
test hypothesis 10 and to investigate the role of the number faotor in mathema-
tical tasks. 
~ No. 291 General ExpreSSions required the student to discover the 
relation between numbers in a sequenoe and to write a general expression for 
that relationship. 
Sample Items: 
3 + 4 - 4 + 3) 9 + 7 - 7 + 9) 2+8-8+2 
The general expression iSI a + b - b + a 
3/6 7/14 4/8 6/12 
The general expression is J n/2n 
3 + 4 
5 
5 + 6 
5 
7 + 8 
5 
8 + 9 
5 
The general expression iSI n + ~n + II 
There were twenty items. Time limit. twenty minutes. 
10/20 
~ No. 30: Number Oddities was a rather unusual test designed to test 
hypothesis 4 and its relation to hypothesis la. 
Sample Item: 
Observe thata lx8+1-9 
12x8+2-98 
123 x 8 + J • 987 
1234 x 8 + 4 - 9876 
Now write the next two lines I 
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-------------------------
There were twenty such items. Time limit. thirty minutes. 
This test was inspired by Hardy's) description ot a mathematician as a 
"maker of patterns," patterns more beautiful and lasting than those of an ar-
tist cr a poet beBause patterns made of ideas, rather than mere colors cr words. 
Poincare4 too speako of an aesthetic sense of harmo~ and order. 
!!!! No. 311 Number Re+ations was a test of fluency and originality in 
handling number relations. 
Sample Items: 
Jnstructionsa Given a set of numbers, how many different 
relations can you set up using just the gi-
ven numbers and any mathematical signs you 
need? 
1. Given: 2, 4, 6, 24 
Possible Answers: 2 + 4 • 6 
6 - 2 • 4 
24/6 
• 4 
2. Givens 2, 2, 3, 4, 8 
Possible Answers. 22 - 4 
4 x 2 - 23 
30. Hardy, ! Mathematicians Apology, Cambridge, Eng., 1940. 
4Henri POincare, Science !E& Method, New York, 1952. 
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There were ten test items. Time limit: two minutes per item. 
~ No. 321 Number Fluencl required the student to write quickly as 
many numbers as he could think of that would satisfy certain given conditions. 
Sample Items: 
1. Write odd numbers that are divisible by 7. 
2. Write multiples of 3 such that no two are in the same 
decade. 
There were ten items. In each case several examples of acceptable an-
swers were given. 
Tests No. 31 and No. 32 together with Test No. 25 were partly designed 
as the mathematical counterparts of Test No. 5, ~-Fluencl. 
~ No. 33. Formulas!!2 Figures required that the student match an al-
gebraic expression, usually part of a formula, with a geometric figure. 
Sample Items a 
Instructions: Match the algebraic expression with the f 
gure that best desoribes it. 
0 \ a 
1. a2 A. B. __ c. __ 
~ 
2. ab A. B. c. 
-- ---
There were twenty items. Time limit. fifteen minutes. The test was de-
signed to test hypothesis la. 
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~ No. 34. Mixed Qe2rations was a simple number-operations test in-
cluded to study the effect of flexibility on the number factor. The solutions 
required a quick shifting from one operation to another. 
Sample Items: 
8 + 4, -5, x2, +3, x6, +5, -6, +1 • 
7 x 3, -1, +4, x3, +7, -4, +6, +3 • 
012 3 
5 6 7 8 
The student was instructed to circle the correct answer from the numbers 
given at the right. There were twenty items. Time limit. six minutes. 
~ No. 35. Missing Number was a simple number-operations test. The 
test item was an incomplete equa.tion which the student had to complete by sup-
plying the missing number. 
Sample Items I 1. 3 +-1- • 10 1. __ 
2 • ..:L+ 7 • 16 2. __ 
3. 18 - (5 - ..L) • 14 3. __ 
There were twenty items. Time limit. ten minutes. 
~ No. 36: Missing ~ was a companion test to Missing Number. In 
this test the student was' required to supply the mathematical sign that 
would make an incomplete equation true. 
Sample Items I 1. 3 ? 7 - (2 x 4) 
• 2 1. 
-
2. 15 ? 4 • 60 2. 
-
3. 8 - 2 ? 3· 9 
-
3. 
Twenty items were given. Time limits ten minutes. 
Tests No. 35 and No. 36 were designed to discover whether there is a dif-
ference in the type of reasoning that is done when performing the two appar-
ently similar tasks - supplying a number or supplying a sign of operation. 
APPENDIX III 
TABLES FOR THE MAIN STUDY 
TABLE VIII 
I.Q. FREQUENCY DISTRIBUTION 
OF EXPERIMENTAL GROUP 
FOR THE MAIN STIIDY 
I.Q. Frequency 
1.34 - 1.36 1 
1.31 - 1.3.3 2 
128 - 1.30 .3 
125 - 127 5 
122 - 124 6 
119 - 121 7 
116 - 118 17 
11.3 - 115 20 
110 - 112 17 
107 -'109 22 
104 - 106 20 
101 - 10.3 15 
98 - 100 6 
95 - 97 4 
92 - 94 2 
89 - 91 2 
86 - 88 1 
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TABLE IX 
AGE DISTRIBUTION OF SUBJECTS 
FOR THE ftlAIN STUDY 
Age in Months Frequency 
210 - 2ll 1 
208 • 209 0 
206 - 207 0 
204 - 205 0 
202 - 203 2 
200 - 201 2 
198 - 199 17 
196 - 197 15 
194 - 195 16 
192 '. 193 25 
190 - 191 35 
188 - 189 25 
186 - 187 9 
184 - 185 3 
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TABLE X 
THE TEST BATTERY FOR THE MAIN STUDY 
Number Name of Test Number Time Limit Scoring 
of Items (minutes) Formula 
1 PMA Number 70 6 R-W 
2 PMA Reasoning 30 6 R 
3 PMA Space 20 , R-W 
4 PMA Verbal-Meaning 50 4 R , PMA Word-Fluency 
-
, R 
6 GMT Reasoning 60 )0 R 
7 GMT Fundamentals 80 38 R 
8 Mixed Series 40 7 R 
9 Figure Changes 40 7 R 
10 Teams 30 6 R-W 
11 NtIIlber Series 20 10 R 
12 Number Series (2) 20 15 R 
13 Statement Translation 20 10 R 
14 Functional Relationship 30 20 R 
15 Problem Analysis I 20 10 R 
16 Problem Analysis II 20 10 R 
17 Figure Grouping 30 15 R 
18 Figure Matrix 24 20 R 
19 Addition 70 6 R 
20 Subtraction 80 6 R 
21 Multiplication 70 12 R 
22 Division 60 6 R 
23 Conditions 1 30 15 R 
24 Conditions 2 30 20 R 
25 Fluency With Mathematical 
Expressions 8 16 R 
26 Quantitative Relationship 2, 10 R 
27 Numerical Inequalities 20 10 R 
28 Algebraic Inequalities 20 10 R 
29 General Expressions 20 20 R 
30 Number Oddities 20 30 R 
31 Number Relations 10 20 R 
32 Number Fluency 10 20 R 
33 Formulas and Figures 20 1, R 
34 Mixed Operations 20 6 R 
3, Missing Number 20 10 R 
36 Missing Sign 20 10 R 
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TABLE XI 
MEANS AND STANDARD DEVIATIONS OF RAW SCORES, 
STANDARD ERRORS AND RELIABILITIES 
FOR THE MAIN STUDY 
Test Means S.E. of M D.D. S.E. of Reliability 
S.D. 
1 23.20 .530 6.45 .370 .92 
2 20.53 .408 5.00 .288 .88 
3 18.87 1.110 13.59 .785 .92 
4 31.14 .698 8.56 .493 .91 
5 44.46 .748 9.17 .528 .77 
6 40.45 .582 7.14 .528 .75 
7 64.10 .751 9.21 .531 .82 
8 24.34 .403 4.95 .285 .73 
9 24.07 .559 6.85 .395 .87 
10 17.58 .591 7.24 .417 .80 
11 16.98 .249 3.06 .176 .81 
12 13.07 .255 3.13 .180 .71 
13 14.98 .235 2.88 .166 .11 
14 18.22 .379 4.65 .268 .80 
15 16.06 .211 2.59 .149 .68 
16 14.88 .196 2.40 .138 .60 
17 23.01 .180 2.20 .131 ~30 
18 20.65 .196 2.40 .138 .,4 
19 68.47 .144 1.77 .102 .50 
20 71.27 .414 5.07 .293 .88 
21 66.94 .348 4.26 .246 .72 
22 58.40 .278 3.41 .196 .80 
23 24.66 .334 4.10 .2)6 .81 
24 22.24 .403 4.94 .285 .84 
25 14.94 .746 9.14 .527 .90 
26 18.25 .334 4.10 .236 .80 
27 18.98 .440 5.39 .311 .18 
28 10.13 .228 2.80 .161 .68 
29 1.00 .415 5.09 .293 .92 
30 28.50 .498 6.10 .352 .80 
31 37.13 .995 12.19 .703 .66 
32 88.38 2.460 30.12 1.740 .85 
33 10.23 .214 2.63 .151 .44 
34 18.45 .210 2.57 .148 .90 
35 15.13 .239 2.93 .169 .71 
)6 14.81 .245 3.00 .173 .82 
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TABLE III 
PRODUCT.MOMENT CORRELATIONS BETWEEN THE TESTS 
FOR THE MAIN STuntl 
Test 1 2 3 4 5 6 1 8 9 10 11 12 
1 
2 46 
3 28 4l 
4 52 30 29 
5 41 28 20 26 
6 50 31 34 41 31 
1 56 42 41 41 27 14 
8 42 44 30 23 16 30 38 
9 30 53 33 20 19 22 29 42 
10 34 30 26 29 18 46 48 42 25 
11 37 35 26 20 16 39 )8 21 25 33 
12 39 44 34 28 19 56 50 28 50 42 49 
13 38 39 34 36 32 68 60 24 23 42 35 47 
14 41 39 23 25 29 52 57 33 29 30 31 43 
15 41 18 21 30 26 73 59 25 21 39 )6 46 
16 29 23 28 23 23 43 43 14 11 38 35 48 
17 23 21 16 16 15 34 36 27 19 26 29 29 
18 21 46 35 20 12 40 36 45 24 26 35 48 
19 65 26 10 31 16 41 41 31 13 19 24 34 
20 50 19 11 20 12 4l 45 31 01 11 24 29 
21 56 11 14 26 21 36 45 20 06 30 21 22 
22 60 21 15 19 15 42 52 21 13 31 31 33 
23 24 35 25 20 '24 53 50 33 29 48 45 45 
24 31 42 36 25 29 49 48 32 32 52 47 53 
2, -02 14 01 -02 01 25 16 02 09 07 07 18 
26 46 43 )6 42 35 66 62 36 30 50 45 61 
21 33 18 02 11 05 23 30 24 11 30 28 30 
28 21 22 13 21 24 35 49 09 28 31 32 33 
29 26 50 40 34 21 50 48 28 36 44 44 48 
30 45 69 49 29 22 ,1 55 33 41 36 37 49 
31 46 39 3.3 32 21 60 58 34 27 39 36 55 
32 51 41 27 38 36 51 43 41 20 36 40 42 
33 21 26 21 13 26 21 41 28 14 20 33 31 
34 50 25 22 29 13 34 40 31 04 25 31 40 
35 52 54 45 39 29 56 58 31 37 42 47 58 
36 49 49 37 38 21 44 57 39 37 26 39 46 
aDecima1 points have been omitted for all entries. 
90 
TABLE XII (continued) 
PRODUCT.MOMENT CORRELATIONS B~N THE TESTS 
FOR THE }lAIN STUDY 
Test 13 14 15 16 17 18 19 20 21 22 23 24 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
II 
12 
13 
14 49 
15 47 54 
16 47 29 41 
17 36 16 26 32 
18 35 21 28 28 27 
19 26 31 26 12 18 21 
20 27 24 33 21 06 24 35 
21 18 19 30 17 15 17 37 24 
22 33 30 32 24 16 21 47 33 48 
23 58 37 43 49 .37 32 19 18 16 22 
24 55 44 44 44 22 39 24 13 05 23 61 
25 35 10 19 II 05 .01 -08 -12 -05 01 21 10 
26 65 56 60 45 36 39 35 40 38 40 55 60 
27 16 16 15 11 16 21 19 21 16 09 21 21 
28 46 61 32 33 20 22 15 16 17 32 31 27 
29 57 41 47 40 34 41 23 18 14 26 51 55 
30 49 38 41 41 J4 47 21 21 32 27 38 44 
31 58 49 51 45 20 42 28 39 36 29 47 58 
32 J6 37 39 26 25 37 2.3 J4 19 29 44 4.3 
.3.3 .30 27 29 32 13 .35 18 19 23 14 .35 35 
34 .39 23 J6 26 28 24 37 35 29 40 30 25 
.35 48 .39 4.3 31 48 47 3.3 25 18 27 53 44 
.36 .38 41 47 33 21 46 27 32 .30 26 J6 .39 
aDecimal points have been omitted for all entries. 
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TABLE XII (oontinued) 
PRODUCT-MOMENT CORRELATIONS BETW'EEN THE TESTS 
FOR THE MAIN STUDya 
Test 25 26 27 28 29 30 31 32 33 .34 35 36 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 23 
27 -19 32 
28 06 36 12 
29 25 59 14 36 
30 17 50 24 28 40 
31 10 59 24 31 44 45 
32 02 44 31 19 45 J6 47 
33 06 35 10 37 31 27 31 16 
34 08 42 19 24 39 24 33 31 18 
35 09 56 27 24 54 57 52 49 19 42 
36 10 47 29 25 40 48 40 34 36 39 58 
aDecimal points have been omitted for all entries. 
TABLE XIII 
FREQUENCY DISTRIBUTION OF THE TEST INTER-CORRELATIONS 
FOR THE MAIN STUDY 
Correlation Frequency 
.73 - .77 2 
.68 - .72 2 
.63 - .67 3 
.58 - .62 19 
.53 - .57 23 
.48 - .52 43 
.43 - .47 56 
.38 - .42 73 
.33 - .37 86 
.28 - .32 84 
.23 - .27 86 
.18 - .22 66 
.13 - .17 42 
.08 - .12 21 
.03 - .07 11 
-.01 - .02 7 
-.06 - (-.02) 3 
-.11 - (-.07) 1 
-.16 - (-.12) 1 
-.21 - (-.19) 1 
m 
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TABLE XIV 
THE CENTROID FACTOR MATRIX 
FOR THE MAIN STUDY& 
Test I II III IV V VI VII VIII IX X XI XII h2j 
1 12 -58 21 20 06 -10 04 -16 -22 -13 12 05 LOot 
2 63 21 38 28 -01 -06 11 06 -11 07 -06 15 16 
3 48 18 16 13 12 -14 14 19 03 06 08 -15 43 
4 48 -18 08 06 15 07 11 08 -01 -19 10 -24 45 
5 39 -03 -09 12 -07 -08 20 08 -ll -24 01 -03 31 
6 19 -12 -24 -13 16 08 12 10 II 18 02 08 81 
1 82 -16 -11 12 10 05 -ll 09 20 04 06 14 83 
8 54 -08 32 06 -28 .08 08 -11 26 09 -30 -06 68 
9 45 26 29 33 -20 22 13 -19 10 06 11 -05 63 
10 58 10 -14 -10 -01 -ll 08 -29 18 -11 16 -02 56 
11 58 12 08 
-14 -05 -04 -20 -08 -01 -10 -04 05 45 
12 73 19 II -15 -05 16 -11 -08 -10 19 21 -14 11 
13 12 16 -29 ... 03 13 06 09 03 -13 03 -03 08 69 
14 62 -08 -26 19 -24 29 08 12 -01 05 03 01 67 
15 66 -13 -30 -14 00 14 01 08 16 02 -03 -10 63 
16 54 19 -20 -12 06 ... 18 -ll 06 -05 -05 01 -03 45 
11 43 11 09 -14 22 05 -07 -06 12 -11 -02 14 36 
18 55 16 24 -08 -01 -11 -14 21 11 13 -09 -09 51 
19 47 -40 09 05 06 04 -09 -19 ... 13 08 04 -02 46 
20 43 -41 05 ... 15 -05 -04 -11 18 -07 20 -10 00 48 
21 42 -42 -09 18 15 -24 -20 -15 18 -05 10 -06 58 
22 50 -29 -08 10 13. i_II -22 -21 -11 14 04 09 54 
23 65 28 -11 -21 -04 -06 02 -10 06 -10 -08 09 62 
24 61 21 
-14 -15 -21 -13 15 -06 -06 04 07 -13 68 
25 16 29 -25 08 21 12 22 -10 -04 15 -30 06 44 
26 80 03 -15 -12 -01 10 05 -04 -05 06 -01 -06 70 
21 33 -11 20 -24 -22 08 -12 -08 14 -09 10 11 35 
28 49 08 -31 24 -18 22 -28 13 -13 -18 11 15 66 
29 68 22 -05 -01 05 08 01 02 -12 -06 
-14 -12 62 
30 68 21 19 20 15 -15 04 13 12 14 13 18 75 
31 11 -03 -13 -14 -10 -09 01 11 -01 15 12 -06 61 
32 62 -16 14 -22 -20 -13 28 01 -ll -16 -04 18 65 
33 45 11 -14 17 -21 -15 -30 13 04 -06 -21 -11 52 
34 53 -18 09 . -15 22 04 -19 -10 -21 -05 -21 -06 53 
35 14 09 28 -13 16 12 09 05 08 -11 04 06 12 
36 66 -04 20 09 04 08 -08 15 14 -02 -08 -10 55 
aDecima1 points have been omitted (except for last entry in row 1). 
bwithin limits of error 
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TABLE XV 
THE OBLIQUE FACTOR MATRIX 
FOR THE MAIN S TUDya 
Test A B C D E F G H I J K L 
1 36 01 0, -02 08 06 -01 14 16 20 00 24 
2 10 44 -0.3 -0, -06 -08 06 04 -09 .30 0, 20 
.3 -02 .39 -1, 02 00 -08 ... 01 22 -0.3 -02 0, 02 
4 02 02 01 -02 00 01 -01 41 01 07 00 08 , 
-ll -04 -08 -01 01 01 18 12 02 0, -02 .32 
6 11 1:3 04 20 0.3 42 -14 -02 12 -06 -07 -0.3 
7 04 18 1, 00 -01 40 12 -01 22 0.3 0.3 -0.3 
8 -06 08 08 0.3 02 00 -07 -01 .3.3 .3.3 4.3 06 
9 -02 .31 -02 04 00 00 00 10 16 57 02 -10 
10 -10 -01 00 .3, 2, -0.3 00 00 40 02 ... 10 01 
11 17 01 17 18 20 -07 20 12 -01 -02 1.3 -01 
12 .3, 2.3 -02 .3.3 .32 0.3 -02 21 ... 06 14 01 -.36 
1.3 10 0, -02 .32 -0.3 2.3 07 0.3 -0.3 -02 -09 OS 
14 OS 01 -OS 02 00 48 18 -04 -01 .34 -01 06 
15 -0.3 -08 OS 16 0, 42 -01 10 17 00 06 -06 
16 06 07 -OS 26 17 -02 19 09 00 -24 01 00 
17 
-OS 08 .34 07 02 -01 06 15 07 -09 -0.3 -01 
18 09 .32 04 -01 1.3 00 09 15 -07 -OS .32 -10 
19 .38 -0.3 0, II 0, 04 -10 07 12 16 OS -07 
20 .34 02 0.3 -OS 1.3 22 -06 -01 -08 -06 22 00 
21 09 01 02 0.3 00 02 06 01 4.3 -08 11 -02 
22 4.3 01 -02 2.3 02 02 01 -08 14 01 02 -07 
2.3 -06 
-04 10 .34 1, 0, 1.3 01 14 -08 0.3 08 
24 02 08 -24 42 .30 -0.3 0.3 04 08 02 01 04 
25 -04 -01 -02 .30 
-4.3 15 -12 -os 00 0, -02 -01 
26 16 02 01 .31 11 21 00 12 06 08 05 -05 
27 OS -02 26 -04 .36 OS 02 01 10 08 0.3 -02 
28 0.3 -0.3 09 -04 0.3 .3.3 ,.3 00 -09 16 -01 0.3 
29 OS 0.3 0) 28 -02 0.3 12 21 -08 05 1.3 01 
.30 04 ,8 00 00 00 0.3 01 -02 06 02 -OS 02 
.31 14 16 -11 2.3 27 17 -0.3 01 05 -0, 00 -01 
.32 04 -02 07 02 28 02 00 -01 -02 01 -01 4.3 
.33 -02 -01 -06 03 -02 OS 46 10 06 00 46 -01 
.34 .37 -14 23 17 -0, -OS 04 27 -07 -0, 23 -os 
35 04 23 29 01 10 04 -04 29 -01 06 -01 02 
.36 0.3 21 11 -11 -04 14 II 28 04 1.3 26 -06 
8oecima1 points have been omitted for all entries. 
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TABLE XVI 
FINAL TRANSFORMATION MATRIX 
FOR THE MAIN STUDya 
A B C D E F G H I J K L 
I 15 16 08 20 11 15 10 15 11 10 11 03 
II -24 30 -08 29 -02 -25 20 06 -20 -04 -07 -15 
III 18 hI 27 -36 11 -44 -19 30 -19 24 18 -03 
IV 
-14 31 -24 -30 -57 05 31 -06 18 50 09 11 
V 11 17 25 07 -48 -09 -28 32 -04 -41 -23 -18 
VI 03 -18 44 -17 -20 57 -06 27 -23 58 -13 -37 
VII 
-35 04 -31 08 -12 05 -53 -07 10 20 -38 49 
VIII -18 34 -04 -64 -03 38 28 16 -59 -33 12 19 
IX -66 18 30 -26 -04 32 -13 -12 69 -02 14 -19 
X 50 48 
-44 30 -03 24 -58 -45 -06 10 02 -52 
XI 06 40 -26 01 61 -09 -12 -00 05 -06 -73 -22 
XII 02 14 39 -22 .01 25 07 -69 -08 -05 -40 40 
8Deoimal points have been omitted for all entries. 
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TABLE XVII 
RF.FERENCE VECTOR COSINES 
FOR THE MAIN STUnr' 
A B C D E F G H I J K L 
A 
B 07 
C 
-16 -25 
D )5 -22 -)9 
E 16 05 -15 17 
F -17 -0) 20 -)0 -22 
G 
-22 -22 20 -)) -05 -02 
H 
-05 -14 21 -12 -10 -26 16 
I 
-42 -12 00 22 -0) -01 -19 -24 
J 02 -01 00 -09 -22 21 -06 00 1) 
K 00 -21 10 -14 -29 -06 )4 25 0) 07 
L -)7 -21 00 -29 -08 -11 25 -20 -05 -10 -09 
aDecima1 points have been omitted for all entries. 
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TABLE XVIII 
SUMMARY OF OBLIQUE FACTOR MATRIX 
FOR THE MAIN STunya 
TESTS FACTORS 
A B C D E 1" Q H I J K L 
22 Division 43 23 
19 Addition 38 
34 Mixed Operations 37 23 27 23 
1 PMA Number 36 24 
12 Number Series 2 35 23 33 32 21 -36 
20 Subtraction 34 22 
30 Number Oddities 58 
2 PM! Reasoning 44 30 
3 PMA SPACE 39 22 
18 Figure Matrix 32 32 
9 Figure Changes 31 57 
35 Missing Number 23 29 29 j6 Missing Sign 21 28 26 
P.7 Figure Grouping 34 
27 Numerioal Inequalities 26 j6 
24 Conditions 2 
-24 42 30 
P.o Teams 35 25 40 
23 Conditions 1 34 
P.3 Statement Translation 32 23 
26 Quantitative Relations 31 21 
25 Fluenoy With Math. Exp. 31 1-43 
129 General ExpreSSions 28 27 
P.6 Problem Analysis II 26 
Pl Number Relations 23 27 
P2 Number Fluency 28 43 
tJ.l Number Series 1 20 ~ Functional Relationship 48 34 GMT Reasoning 42 
~5 Problem Analysis I 42 
7 CMT Fundamentals 40 22 ~8 Algebraic Inequalities 33 ~3 ~3 Formulas and Figures ~6 46 
4 PMA Verbal-Meaning 41 ~l Multiplication 43 
8 Mixed Series 33 33 43 
5 PM! Word-Fluency 32 
aDecimal points have been omitted for all entries and loadings less than 20 
~re not listed. 
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TABLE XIX 
CORRELATIONS BETWEEN THE PRIMARY FACTORS 
FOR THE MAIN STUDY 
A B C D E F G H I J K L 
A 1.00 
B 
.10 1.00 
c. -.07 .40 1.00 
D 
-.21 .57 .48 1.00 
E 
-.09 .14 .13 .13 1.00 
F .29 .36 .01 .37 .23 1.00 
G .25 .20 -.04 .15 -.11 .12 1.00 
H .37 .32 -.06 .20 .12 .53 .09 1.00 
I .66 .14 -.13 -.20 -.04 .26 .28 .43 1.00 
J -.18 .06 .14 .16 .19 -.14 .00 -.09 -.23 1.00 
K 
-.17 .25 .17 .27 .34 .15 -.32 -.07 -.20 .05 1.00 
L .37 .51 .23 .43 .20 .49 -.02 .49 .27 .04 .23 1.00 
TABLE XX 
LOADINGS UF THE PRIMARIES IN THE CF..NTROIDS 
OF THE SECOND-ORDER FOR THE MAIN STUDy. 
II II' III' IVI 
A 07 76 11 03 
B 74 15 06 -03 
C S8 -18 -12 -36 
D 82 -21 -17 17 
E 22 .. 14 42 13 
F 44 30 32 39 
G 10 39 -.30 -02 
H 34 42 09 S2 
I 02 82 20 00 
J lS -22 04 -22 
K .3.3 -.38 So -13 
L 6S 2S 23 22 
Anecimal points have been omitted for 
all entries. 
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TABLE XXI 
ROTATED FACTORIAL MATRIX FOR THE PRIMARIES 
IN THE SECOND-ORDER FOR THE !dAIN STUDT' 
A' B' C' D' 
A 05 55 -04 04 
B 56 12 12 36 
C 65 03 09 03 
D 60 
-34 -09 60 
E 
-09 -02 40 15 
F 04 08 18 51 
0 25 16 
-34 09 
H 00 00 -11 60 
I 00 65 04 -02 
J 18 -01 16 -11 
K 07 -01 61 00 
L 31 10 17 50 
aDecimal points have been omitted for 
all entries. 
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TABLE XXII 
TRANSFOID{ATION MATRIX FOR THE SECOND-ORDER 
FOR THE MAIN STUDY& 
At 
l' 76 
II' 07 
III' -43 
IV' -48 
St 
.03 
69 
38 
-61 
Ct 
11 
-18 
93 
-29 
53 
00 
-16 
83 
aDecimal points have been omitted for 
all entries. 
TABLE XXIII 
CORRELATIONS BETWEEN THE SECOND-ORDER FACTORS 
FOR THE MAIN STUDY 
A' B' C' D' 
A' 1.00 
B' •• 16 1.00 
C' -.19 .41 1.00 
D' .08 -.58 -.34 1.00 
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TABLE XXIV 
LOADINGS OF THE TESTS IN THE ORTHOGONAL 
SECOND-ORDER FACTORS FOR THE MAIN STUDya 
Test l' II' III' IV' 
1 26 64 24 13 
2 68 10 10 
-01 
3 56 09 07 20 
4 35 29 11 31 
5 35 17 06 24 
6 70 32 19 24 
7 64 49 20 14 8 j4 09 41 
-15 
9 jO 10 07 
-04 
10 26 29 05 11 
11 46 14 OJ 00 
12 52 18 06 1j 
1) 67 21 
-05 27 14 50 2) 18 22 
15 5) 2) 2j 27 
16 51 15 
-04 20 
17 41 09 -09 -OJ 
18 65 -0) 2) 01 
19 09 49 16 Ou 
20 )7 22 j5 07 
21 01 65 18 04 
22 12 56 04 OJ 
2) 58 06 00 10 
24 56 04 09 26 
25 2) -09 -20 08 
26 62 24 1j 2) 
27 19 08 24 -11 
28 )9 26 -06 14 
29 67 02 -02 22 
)0 72 24 06 OJ j1 61 22 22 26 j2 61 11 27 1) )) 40 09 14 07 
J4 )j 27 04 06 )5 72 15 10 08 )6 61 20 2) 07 
aDecima1 points have been 
omitted for all entries. 
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TABLE XXV 
LOADINGS OF THE TESTS IN THE SECOND-ORDER 
ROTATED FACTORS FOR THE MAIN STUDY& 
Test At Bf C' D' 
1 27 44 09 21 
2 52 09 15 J4 
3 54 -04 05 45 
4 44 04 00 43 
5 40 -02 -01 38 
6 68 12 12 55 
7 56 31 12 41 
8 22 30 45 -01 
9 18 11 08 09 
10 26 15 00 22 
11 35 09 05 24 
12 47 05 04 38 
13 64 -06 
-09 59 
14 51 08 11 42 
15 56 07 14 47 
16 49 
-05 -07 45 
17 28 04 -05 20 
18 53 04 28 32 
19 09 37 06 06 
20 36 23 31 20 
21 03 49 04 01 
22 09 38 
-06 08 
23 50 -04 02 40 
24 57 -11 06 50 
25 20 -20 17 22 
26 61 02 08 51 
27 11 21 27 03 
28 36 06 -10 33 
29 62 
-15 -02 54 )0 57 15 08 40 
31 63 06 16 51 
32 56 08 26 39 
33 35 06 14 25 
J4 28 15 00 22 
35 60 07 12 44 
36 52 16 22 35 
aDecimal points have been omitted 
for all entries. 
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TABLE XXVI 
"G" LOADINGS OF THE TESTS 
FOR THE MAIN STUDY 
Test· "g"-loading 
1 .49 
2 .39 
3 .22 
4 .23 
5 .15 
6 .62 
7 .67 
8 .27 
9 .19 
10 .33 
11 .34 
12 S2 
13 S2 
14 .38 
15 .42 
16 .29 
17 .18 
18 .29 
19 .22 
20 .19 
21 .16 
22 .24 
23 .42 
24 .43 
25 .03 
26 .65 
27 .12 
28 .22 
29 .46 
30 .46 
31 So 
32 .38 
33 .19 
34 .27 
35 S4 
36 .43 
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TABLE XXVII 
SECOND-ORDER FACTOR PATTERN 
FOR THE MAIN STUDT! 
Primaries Second-Order Factors 
AI BI CI D' 
C 65 
D 60 
-34 60 
B 56 .34 
L .31 50 
I 65 
A 55 
K 61 
E 55 
G 
-34 
H 60 
F 51 
aDecima1 points have been omitted 
for all entries. 
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APPENDIX IV 
SU1PLE STRUC'l'URE PLOTS FOR THE 
FIRST-ORDER ANALYSES 
Thurstonel set up five useful criteria for determining simple structure. 
These are as follows: 
1. Each row of the oblique factor matrix (Table XV) should have at least 
one zero. 
2. In each column of the oblique factor matrix there should be at least as 
many zeros as there are factors. 
3. For every pair of columna in the oblique factor matrix there should be 
several tests with zero entries in one column but not in the other. 
4. For every pair of columns of the oblique factor matrix, a large propor-
tion of the tests should have zero entries in both columna. 
5. For every pair of columns of the oblique factor matrix there should be 
only a small number of tests with large entries in both columns. 
When these conditions are satisfied, the plot of each pair of columna shows 
(I) a large concentration or points in two radial streaks, (2) a large number or 
points at or near the origin, and (3) only a small number of points off the two 
radial streaks. 
~hurstone, Multiple Factor Analysis, p. )35. 
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